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THE SUBGROUPS OF ORDER A POWER OF 2 
OF THE SIMPLE QUINARY ORTHOGONAL GROUP 
IN THE GALOIS FIELD OF ORDER p"=8/ +3" 


BY 
LEONARD EUGENE DICKSON 


1. The group of all quinary orthogonal substitutions of determinant unity in 
the GF'[ p"], p> 2, has a subgroup O, of index 2 which is simple. The 
latter is simply isomorphic with the quotient-group @Q of the quaternary abelian 
group and the group composed of the identity and the substitution which merely 
changes the sign of each variable. The difficulty in the employment of Q is 
apparent, while for O, there is unfortunately no known practical} criterion to 
distinguish its substitutions from the remaining quinary orthogonal substitu- 
tions. While the abelian form seems best adapted to the determination ¢ of 
the subgroups of order a power of p, the orthogonal form is found to possess 
advantages in the study of the subgroups of order a power of 2. 

The case p" = 8/ + 3, namely, that in which 2 is a not-square in the GF'[ p"], 
is here treated on account of its simplicity (compare in particular §§ 2, 4, 5, 22) 
and in view of the applications to be made in subsequent papers in these 
Transactions to the determination of all the subgroups when p" = 3 and 
p"=5. 

There is established the remarkable result that, independent of the values of 
p and n (such that p” is of the form 8/+ 3), the group O, contains the same 
number of distinct sets of conjugate subgroups of order each power of 2, one set 
of representatives serving for every O, (compare the diagrammatic summary in 
§ 21, the group notations being given in earlier sections in display formulz sepa- 
rately numbered). Moreover, except for the subgroups of orders 2, 4, and certain 
types of order 8, the order of the largest subgroup of O, in which a group of 
order a power of 2 is self-conjugate is independent of p and n. 


* Presented tothe Society at the Boston meeting, August 31-September 1, 1903. Received for 
publication, July 28, 1903. 
+In the theory we have recourse to the generators (see § 2). When this becomes impractic- 
able, we resort to the isomorphism with the abelian group by means of the ‘‘ second-com- 
pound ”’ theory (compare §§ 11, 40, 44). 
t Transactions, vol. 4 (1903), pp. 371-386. 
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By way of check, it may be stated that the results of §$ 10, 11 and all after 
§ 21 were first established by other methods in the case p" = 3 and in part for 
p =o. 
ORIENTATION OF THE CASE p" = 8/1 + 8, §§ 2-5. 


The simple quinary orthogonal group O, in the G'F’[ p"], p > 2, has the 


order 

(1) = —1)(p*™—1). 

We observe the following lowest orders : 

, =2°-3' 5, Q, , =2°-3?-5'-13, - 3? -5?. 74, 


2" 32-57-11! 61, O, 2°-8?-5-7? 18-17, 
-17'-29, 181, 0, ,=2°-3°-5?-41, 
8?-5°-13 313, 2, 78.1201, O, 


Let p"=2k +1. Then + 1) is odd, while 
( p>" —1 = 2° [ 1 

Hence 2 is always divisible by 2°. The condition that 2° shall be the high- 
est power of 2 occurring as a factor is that }4(4+ 1) shall be odd. Accord- 
ing as = or k= 2/— 1. we have k = 4) + 2 or k= 4j + 1, upon replac- 
ing the odd number ¢ by 2}+ 1. Hence p"= 8j+ 5 or 8) +38, 

TuroremM. The highest power of 2 occurring as a factor of Q., , is 2° if 
and only if p*=81+3. 

3. By Linear Groups, §§ 181. 182, 189, O, is generated by 
(2) = ( (Ons), Of ¢ Of ¢ (i,j, k,t=1,---, 5), 
where a and £8 are arbitrary solutions of x? + y* = 1, p and a fixed solutions, 


the cases p" = 3 and p" = 5 alone being exceptional. Let 


noting that these Jinear substitutions do not compound as Jiteral substitutions ; 
for example, ( &,)(&,&,) = (€,&,&,). Let 
C;: = — &,, = ji). 


Then for p" = 5, the generators are the C,C,, (&,&)(&,&,), and 
= €,— §,— §,—§,; &= + 


W=W-: 


| 
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For p” = 5, the generators are the C, )(€,&,), and 
R= hk": f= 28, &=6,+ 28,48, & = 26+ & + 
4. The conditions that Qs shall reduce to (&,&) C, are 
207 = 1, 2a8 = —1, 


solutions of which exist in the GF’ [p"], p> 2, if and only if 2 is a square. 
Now 2 is a quadratic residue of all primes of the form 84 + 1 and a quadratic 
non-residue of all primes 8k +3. Hence (Linear Groups, § 62), 2 is a not 
square in the GF'[ p"], p > 2, if and only if p" is of the form 8/ + 3. 
TuHEorEeM. The second type of generators (2) may be replaced by ( §,&,) 
if and only if p*=81+38. 
5. We are therefore led to the group * merely permuting &, ---, &2; viz., 


(3) Gj) = { group generated by all the C,C, and (&,&,)(&,&,)}. 
For brevity set C,= C,\C,C,C,C,. Then G,,, has the commutative subgroup 


(4) G,, = (7, €,C, (i, j= 9,1, 2,3,4,5; 7>7%)}. 

The alternating group on 5 letters is simply isomorphic with the subgroup 

(5) G. = { group generated by all the (££) (&,&,)}. 

Extending the group G,, by the substitutions 

B, = identity, 6)» (Eb), B= 
we obtain a subgroup of G 


960 


(6) G,={B,, B,C,C 


whose substitutions are given uniquely thus: 


THEOREM. The subgroups of Og of order the highest power of 2 contained 


un © are of order 2° and conjugate with G., if and only if p" is of the form 


8/+3; namely, if 2 is a not-square in the GF'[p"], p> 2. 


REPRESENTATIVES OF THE SETS OF CONJUGATE SUBGROUPS OF ORDER 
A POWER OF 2 WITHIN O,, §§ 6-21. 
Distribution of the substitutions of G,, into sets of conjugates. 
6. The substitutions in the four following sets 
f, C;, C, C, ’ C, C, C; C, 3 C, C, ’ C; C, ’ C, C, C, C, C, C, 
C, C, 9 C, C, ’ C, C, ’ C, C, 9 C, ’ C, C; ’ C; 3 
transform B, into B,, B,C,C,, B,C,C,, B,C,C,C,C,, respectively. Further, 


* Two sets of generational relations for Gy.) are given in Linear Groups, p. 293. 
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the B. are commutative. Hence B, is conjugate within G,, only with B,, 


B,C\C,, B,C,C, and B,C,C,C,C,. Now (&,&,) transforms into itself if 


k=2,3o0r4. Hence if 7 and m denote the two integers left in the set 2, 3, 4 


after the exclusion of /:, the substitutions 


B,, B,CC,, B,C,C,, B,C,c,C,C, 


form a complete set of conjugates within G,,. Next B, transforms CC, into 
C.C,, so that the substitutions C,C,(i = 1,2,3,4) form a complete set of 
conjugates. Since B,, B, and B, transform C,C, into C,C,, C,C, and C,C,, 
respectively, C, C,, is with itself C,C,. for C, 
and C,C,, for C ,C, and ©,C,. Evidently C,C, ,C, is self- 

Hence B,. B, and transform B. C,C, into B,C,C,, B.C and BLOC, 
respectively ; while the a B. C 'C, into B, a 
B,C,C,, B,C,C,, B,C,C, and transform B,C,C, BCC, B, C, 
B, C, C., B,C,C,. Hence B,C, C, is conjugate only with itself and BC 
B.C A C, B,C,C,. Applying the above transformation (&,&,), we obtain the 
conjugates to B.C, C, 

Since B, is one of four conjugates and since B, transforms 2,C,C, into 
B,C.C,, it follows that the substitutions of G.. transform B, C. C,, only | 
into B,C,C,C,C,; B,C, C.C,;C,, or = B. 
where i=1, By 3, 4. Hence B,C,C, is conjugate only with B.C.C, and \ 
B,C.C,(i=1,.2,3,4). Applying the transformation (&,&,), we obtain the 

The substitutions of G,, fall into the following 16 distinct sets of conjugates: 
{I}; {C,0,0,C,}; {C,C,, {C,C,(i=1, 2, 8, 4)}; 
{B,, B,C,C,, B,C,C,,, B,C,C,C,C,}; {C,C, (i=1, 2,3, 4)}; 
(B,C,C,, B,C,C,, B,C,C,, B,C,C,, }3 (B,C,C,, BCC (i= 3, 4)}5 


where k = 2,3,4, while 1 and m denote the two integers left in the set 2, 3, 
4 after the exclusion of k, the order of l and m being immaterial. 


Determination of all the self-conjugate subgroups of G 


64° 
7. If a self-conjugate subgroup // contains one C,C,, it contains them all 
and hence also every CC, ( i, j=1,2,3, 4), so that 4/7 contains G,,. Simi- 


larly, if 7 contains one C.C’, it contains G,.. If 7 contains C’ C. ,or B 
v7? i 0? 16 k k? 
or B,C,C,, it contains the respective commutative group 

(7) C,C,, €,C,,, C, 


(8) Gi ={B, B.CC,, B.CC,, BC,C,6,C,(i=1, k)}, 


(9) = (1, C iC, CC B,C,C,,, B, C 


mJ) 
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If H contains one L,C,C,, it contains the group 

(10) = {1, C,C,C,C,, B,C,C,, B,C,C,(i,j =1, 2,3, 4)}. 
Hence the self-conjugate subgroups of G‘,, are given by the series 

(11) J, G,= (J, €,C,C,C,}, Gi, Gi, G,,, =2, 3, 4), 

together with the groups resulting from the combination of two or more of them. 


Now G, is a subgroup * of all of order > 2; while G* is a subgroup of G‘, 


H', G,,. H?,, H' 


16° 


(12) G,={I, 


j? 


Any two of the groups G‘ combine into 

C, C, (i,j =1, 2,3, 4)}. 

Combining /7‘ with either G! or G"', we obtain the group 

(13) Ji,= {7, €,C,, C,C,C,C,, B,, B,O,C,, B,C,C,C,C, (i, j=1,2,3,4)}. 


The same group results from the combination of G‘ with either G{ or G"'; 
also from the combination of G“ with 47‘. Combining //‘ with either G! or 


G", we get the group of all the substitutions of G,, which leave &, fixed: 
(14) Gs. = BCC, B,C, C,¢,C, (t,i,j=1, 2,38, 4) 


Combining any two of the groups G°?, G*, G‘, or any two of the groups 
5 8 49 39 j g 

H?, H*, H', we obtain G,,. Combining G,, with any one of the groups 
H', H*., we obtain the group 

16? 
(15) Ji,={1, B,, B,C.C, (i,j =9,1,2,3,4,5; 
The same group results from the combination of //‘, with either G* or //°. 
Combining with either or we obtain the group 


(16) C,C,, C,C,C,C,, B,, B,C,C,, B,C,C,C,C,, B,C,C,, B,C,C,} 


¢=2,3,4; ¢+hk). 
We have now combined the groups (11) by pairs in every possible way. 

The groups G?, G}, Gi, G, all lie in each of the five new groups (12)-(16), 
while G, lies also in G,, and //‘,. Now G‘ and H* lie in J!,, G,,, Ji,, H%,, 
but neither lies in J},, Also G,, lies in every J%,, but not in G,,, 
nor in any Finally, /7*, lies in H%,, but not in G,,, J!,, 


We have therefore to consider the following compositions : 
(G55 = 32) = Gu, Hye) = Aye) = Go 


* Hence the self-conjugate subgroups may also be determined from a study of the quotient- 
group G,,/G,. 
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(Gigs =F (G5 Gs, )=(G, ’ 2) = = G 
(Mies Fic) = (Mies = (Migs = 
noting finally that any two of the groups G,,, J‘,, H%,, H{, combine into G,,,. 

THEoreM. The group G‘,, contains, in addition to itself, exactly the 26 self- 


conjugate subgroups given by formule (11)-(16). 
CoroLiary. The only subgroups of order 32 of G',, are 


Ge (k=2, 3,4). 
Remark. Any three groups marked with the affix k(/ = 2, 3, 4) are con- 


jugate in O,. No two of the groups J3,, #73,, G,, are conjugate in O in view 
of the number of sets of conjugate substitutions in each (§§ 8-10). 


Determination of all the self-conjugate subgroups of J%,. 


8. Proceeding as in § 6, we readily find that the substitutions of 73, fall into 
the following 14 distinct sets of conjugates : 
{I}; {C,0,0,C,}; {C,C,}; {C,C,}; [E,C,,C,C,}; {C,C,, C,C,}; 
{C,C,,C,C,}; { C,C,,C,C,}; { C,C,C,C,, C, C,C,C,}; { C,C,C,C,,C,C,C,C,}; 
{B,, B,C,C,, B,C,C,, B,C,C,C,C,}; {B,C,C,, B,C,C,, B.C, C,, B,C,C,}; 
{B,C,C,, B,C,C,, B,C,C,, B,C,C,}; {B,C,C,, B,C,C,, B,C,C,, B,C,C,}. 
If a self-conjugate subgroup H contains C,C, or C,C,, it contains the group 
G? or the group G}, respectively. If H contains C,C, or C,C,,‘it contains 
one or the other of the commutative groups 
(17) K,= {J, C,C,, C,C,, C,C,}, K, = { J, C,C,, ,C,, }. 
If H contains C,C,C,C, or C,C,C,C,, it contains one or the other of 
Ky, = {1, C,C,0,C,, C,C,}, 
Ki’ = { J, 0,¢,0,C,, C,C,C,C,, }. 


If 7 contains B,, it contains G3. If H contains B,C,C,, it contains H?. If 
H contains B,C,C, or B,C,C,, it contains the reapestive commutative group: 


(19) K,= C,C,, C,C,, C,0,0,C,, B,C,C,, B,C,C,, B,C,C,, 


0)? 


(20) K’ = {I, C,C,, C,C,, €,C,C,C,, B,C,C,, B,C,C,, B,C,C,, B,C,C,}. 


(18) 


Hence the self-conjugate a of J3, ~~ are given by the series 
I, G,, G, = {1, 


(I, G 


(21) 


4? 


| 


4 
| 


| 
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together with the groups resulting from their composition. Now 
(G,, G,) = (G,, G,) =(G,; G;’)= 
Also, G, lies in every K,, 


(G,, A,) and (G,, give 


(22) G, = it, C, C,C,, C,C;, C,C,, C,C, 


0)? 


(28) Gi’={I, CC, C,C,, C,6,6,C,, C,C,, C,C,, C,C,, C,C,} 


0)? 

respectively. Also, 

(Gy, Ky’) = (Gy, Ki") = Gi) = (Gi, Gi) = G, 

(G,, K,) = G,’,(G,, K,’) = G,’, 
while lies in K,, G3, K,, G,. Since 
Y 
= C,C,: C,C,C,C,, 

nothing new results from a combination by G@;’, By §9, the groups 
Gi, G3, Gi, G3, H3 and G, combine to give only the additional group J?,. 
Now Gi, G{ or G, combine with any of the groups K,, A), 
to give G,,. Combining Gj or G} with either A, or A{, we get H?,. Com- 
bining G? with either or we get G} with either or we 
get Now subgroup of K,, G,, Gi’. Next, A, with 


8 


Ki, or gives G,,, Kj, or with gives G,,, A, with gives 


16? 
with gives G,’. Next, (K, and are respectively 
B,, B,C,C,, B,C,C,, B,C,C,C,C,, 
B.C, B,C,C,, BC, B,C, Cy (i =1, 3) J 
(25) BOG, B,, 
Also, K's with G? gives Gj’, with G3 gives A, and A; with H? 
give 
H,,= {1, €,C,, C,C,, C,C,0,C,, C,C,, C,C,, C,C,, C,C,, B,C, C,, 
(26) 


B,C,C,, B,C,C,, B,C,C,, B,C,C,, B,C,C,, B,C,C,}; 

(21) Hi, = B;'H', 
respectively. Next, with H? gives 
(Ky, Ky) = K,) = 


with H? gives 


16 


Interchanging the subscripts 1 with 3 2 and 3 with 4, we obtain as the compounds 
of with K,, the groups and Next, 


(G:, K,)=@ K,) = H",(H!, K')=H',, 
(K,, Ki) = @) = (@, = = 


16? 


16? 16? 


| 
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and (G,’, H2)=#H;'. Finally, a combination of a group of order 16 with a 
group not a subgroup of it evidently gives J%,. 
TueoreM. The group J%, contains exactly 26 self-conjugate subgroups : 


k,, A 8? G,, G, ’ Figs Figs HT ST 30° 


3 
3 
16? 


CoroLiary. There are exactly T subgroups of order 16 of J?,. 


Determinution of all the self-conjugate subgroups of H%,. 
9. Its substitutions fall into the following 11 distinct sets of conjugates: 
{I}; {C,C,C,C,}; {C,C,, C,C,}; {C,C,, C,C,}; {C,C,, C,C,}; 
{B,, B,C,C,, B,C,C,, B,C,C,C,C,}; {B,C,C,, B,C,C,, B,C,C,, B,C,C,}; 
{B,C,C,, B,C,C,, B,C,C,, B,C,C,}; {B,C,C,, B,C,C,, B,C,C,, B,C,C,}; 
{B,C,C,, B,C,C,, B,C,C,; B,C,C,}; {B,C,C,, B,C,C,, B,C,C,, B,C,C, }. 


Forming the group generated by each substitution and its conjugates, we get 


I, G,, @, @, @, H!, H?,, H',, H,, 


16 
respectively. Combining two or more of them, we obtain the additional groups 
y ’ grouy 


16? 33° 
THeoreM. The only self-conjugate subgroups of H?,, aside from itself 
and the identity, are G,, Gi, G3, H2, G,, H},, 


CoroLiary. There are exactly 3 subgroups of order 16 in H%,. 


The self-conjugate subgroups of G.,. 

10. Its substitutions fall into exactly 17 distinct sets of conjugates. Indeed, 
aside from the self-conjugate substitutions J and C,C,C,C,, any substitution S 
is conjugate only with itself and SO,C,C,C,. Now every substitution of G,, 
is of period 2 except identity and the following 12: 


B,C,C,, B,C,C, (k,1=2, 3,4; k+42), 


the square of any one of which is C,C,C,C,. It follows that, if S ranges over 


a set of 15 substitutions obtained by taking one and only one of each pair of 
conjugates within G‘,,, the groups 


(28) I, G,=(I1, CC,6,C,}; C,6,6,C,, S, 8C,6,6,C,}, 


together with the groups resulting from their composition, give all the self-con- 


jugate subgroups of G.,,. 


| 

| 
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It is more convenient to proceed by a different method. From what precedes, 
the quotient-group Q,, = G,,/G@, isa commutative group all of whose operators, 
aside from the identity, are of period 2. The quotient of 


(16—1)(16—2)(16—4) by (8—1)(8—2)(8—4) 


gives 15 as the number of subgroups of order 8 of Q,,. Likewise, it contains 
35 subgroups of order 4 and 15 of order 2. To every self-conjugate subgroup 
of G,,, necessarily containing C,C,C,C, (as shown above), there corresponds 
an unique subgroup of Q,,, and inversely. We may thus readily obtain all the 
self-conjugate subgroups of G',,. Those of orders 1, 2, 4 are given by (28). 
We desire in particular those of order 16. 

Denote by a, b,c, d a set of generators of @,,. As generators of its 15 
subgroups of order 8, we may take 


(a,b,c); (a,b, d); (a,c, d); (b, c,d); (a, b, ed); 
(a,c, bd); (a, d, be); (b,c, ad); (b, d, ac); (c, d, ab); 
(a, bd, cd); (b, ad, ed); (c, ad, bd); (d, ac, be); (ad, bd, ed). 
For the generators of Q,, we may take 
a=CC,, b=C,C,, c= B,, d = B., 
understanding in this section that S and SC,C,C,C, are identical operators. 
The analytic substitution &,&,) transforms the group (a, c) into 
(C,C,, C,C,, B,) = (ab, a,d)=(a,b,d). 
Likewise, &,£,) transforms (a, b, c) into 
(C,C,, C,C,, B,) = (0, ab, ed) =a, b, cd). 


Ss 


As shown in § 11, G, contains a substitution = which transforms 


C.C,, C,C,, B,, B,C.C, into B,C,C,, B,C,C,, C,C,, B,C,C,, 


respectively. Hence = transforms a into abcd, b into ad, ¢ into a, d into ab. 
It follows that = transforms (a, b, d) into (abed, ad, ab), identical with 
(ad, bd, cd), and transforms the latter into (cd, bd, b)=(b,c,d). Again, 
> transforms (a, b, c) into (a, d, bc), and the latter into(c,d,ab). Also, 
> transforms (a, b, cd) into (b, c, ad), and the latter into (a,c, d). 
Hence the following 9 groups are conjugate within G,: 


(a,b,c), (a,b, d), (a, b, ed), (ad, bd, ced), (b,c, da), 
(a, d, be), (c,d, ab), (b,c, ad), (a,c, d). 


| 
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It is next shown that the remaining 6 subgroups are conjugate. Now C\C,, 
which transforms B. into B,C, C,, transforms 


(a,c, bd) into (a, cb, bda) = (a, bd, cd). 


But = transforms (a, bd, cd) into (b, d, ac), and the latter into (c, ad, bd). 
Again, C,C,, transforms (c, ad, bd) and (6, d, ac) into respectively 


(B,C,C,, B,, B,C,C,) =(d, ac, be), 
(C,C,, B,C,C,, B,C,C,) = (b, ad, ed). 


To the representatives (a, b, c) and (a, c, bd) of the two sets of conjugate 
subgroups of G,,, we adjoin C,C,C,C,, and obtain respectively 


(C,C,, B,, C,C,¢,C,) 
= {B,, B,C,C,, B,C,C,0,C, (i,j =1, 2, 38,4; t=1,8)}, 
(C,C,, B,, C,C,B,, 0,0,0,C,) = Figs 


16 


the former being /?, and the latter defined as follows : 


B, B, C, ’ B, C, C, ’ B, C, C, C, ’ 


(29) F,= 
B.C,C,, B,C,C,, B,C,C,, B,C,C, (¢=1,8; i=2, 4) 


THeoremM. Within O, the 15 subgroups of order 16 of G,, are conjugate 
with the groups J*. and F’,,, the latter being not conjugate (§ $18). 

11. THeorem. The “ O, contains one and but one substitution of 
period 3 which transforms B,C,C, into itself and transforms C,C,, C,C,, 
B, into B,C,C,, B,C,C,, C,C,, respectively. 

If S is commutative with (B,C,C,) = C,C,C,C,, it replaces &, by + &, 
($25). Denoting the matrix by (a,,), we find that B, C,C.S = SB,C,C, 
leads to the conditions : 


Hence S is commutative with B,C,C, if and only if it has the form 


— — 0 
0 0 0 0 +1 


| 
| 
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The conditions for C,C,S’ = S’ B,C,C, are 


The conditions for C,C,S’ = S’B,C,C, and B,S’ = S’ C,C, then reduce to 


The resulting substitution is orthogonal if and only if 4a?,=1. Its determi- 
nant is + 16a‘,. Hence must + 1 equal +1. With these conditions satisfied, 


S’ = S’~ if and only if a,, = —}. Then S’ becomes 


It has been shown that = belongs to the group of all orthogonal substitutions 
of determinant unity. It remains to show that = belongs to O,. For p"= 3, 


== W*(£,&,&,) and hence isin O,. For p"=5, 
( E, 9) C; C, Rio, )s 
and hence belongs to O,. For p" = 11, we find that 


Of On ( On Ons ( CC, (O25 O22) ( 


“; 


and hence belongs to Gy. 

We next treat the general case in which — 1 is the square of a mark i of the 
GF'[ p"], proceeding as in Linear Groups, pp. 179-180. Making the trans- 
formation of variables there defined, we find that = becomes 


Fs F,, Fy, 
Y',= (—14i)/4 (—1-1)/2 (1-1)/4 (1-1)/4 0  (1-4)/4 
—i/4 (-1-i)/4 1/4 —3/4 (1-i)/4  i/4 
Fi.m| —i/4 (-1-i)/4 —8/4 1/4 (1-i)/4 


¥i=(-1-i)/4 (1-4) /4 (1 44)/2 (14/4 
Fi=| 8/4 (—1-i)/4 i/4 i/4 (—14i)/4 1/4 


4 

4 
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This substitution is found to be the second compound of 
(1—i)/4 (1—i)/4 (844%)/4 
(-—1-i)/4 (14/4 (14+i)/4 (8-i)/4 | 
(84+i)/4 (-1+4i)/4 (1-i)/4 (1-i)/4 
(1+i)/4 (-1-i)/4 (1+%)/4 | 


which is a special abelian substitution. Hence = belongs to Gy. 


Determination of all the self-conjugate subgroups of J*.. 
12. Its substitutions fall into the following 10 distinct sets of conjugates : 
Re y y y y le y y y le y y y y ) { y y y ar 
(O,0,0,C, js {C,C;}; { ( CLC,, 
(By B,C 10,0,0,} 5{ B,C,C,}: { B,C, Cy BC, C,} B,C,C;}. 
The only substitutions of period 4 are B,C,C,, B,C,C,, B,C, C,, B,C,C;- 
The self-conjugate subgroups of J*, are 
(30) Gan (B= Ba, BO, BCG) 
together with all their combinations. Now G,, lies in all these groups of order 
>2. As shown in §§ 7-8, the groups G,, G), G, Gi, G combine to give 
only the additional groups G} and G,. Either G) or G) combines with A’* for 
S= B,or B,.C,C, to give G. Either G) or combines with for 
S= B,C\C, or B,C,C, to give Combining A’ and for the follow- 
ing pairs 
(S, S’)=(B,, B,C,C,), (B,C,C,, B,C,C,), (B,, B,C,C,), 
( ( BLC,C,, ( C;, BC, C,), 
, where 


(31) J,= { J, CC, 0,C,, B,, BLOC, C,€,€ 


4)? 


we get the respective groups G?, H?, J,, J 


(82) = { I, C.C,, C,C,, C,C,C,C,, By, B,C,C,, B,C,C,, BC,C,C,C, } 


3459 


(88) J” = {I, C.C,, B,C,C,, B,C,C,, B,C,C,, B,C,C,;, 


(34) = { I, C,C,, C,C,, C,C,C,C,, B,C, C,, B,C,C}, 


each of the groups J being non-commutative. Finally G{ combines with the 
four A’, in order, to give J,, J,, J’, J“; while G{ combines with them to 
give 

THeorEemM. The self-conjugate subgroups of J*, are the groups (30)-(34), 
together with G,, Gi, J*,. 


if 
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The only subgroups of order 8 of J}, are G., 
, of which the first three only are commutative groups. 


Determination of all the self-conjugate subgroups of F,, 
13. Its substitutions fall into the 10 distinct sets of conjugates 
{ I}; B,C,C;}; { B, C. AG (C,C,, B,C,C,, BLC,C,}: 


459 
{ B,, B,C, C,C,C,}; { B,C, C,, B,C,C,\;{B,C,C, B,C,C,}; {B,C,C,B,C,C,}. 
Since B,C,C, is of period 4, it follows that /’,, and J}, are not isomorphic. 

The self-conjugate subgroups of /’,, are the groups 

(35) I, G,, C.=(B,C,C,), Gi, (S=B,C,C,, Bs, ByC\C,, ByC,C,, 
together with all their combinations. Now G, lies in all those of order 4. 
Combining C, with the last six groups (35) in turn, we get the commutative 
groups H?, H?, F,, F,, where 
(36) { f, C,C,C;,, B,, B,C, C,C,C,, B.C, ‘sf i= 2, 4 ) js 
(87) F,={1, C,C,C,C, B,C,C, B,C,C, B,C, C,, B,C,C, B,C, C,, B,C,C,}. 


Combining every pair of the we get F,, J, and each one, and 


and each three times, where 
(88) Fy ={ 1, C,C,C,C,, B,, B,C,C,C,C,, B,C,C,, B.C,C,(i = 2, 4)}, 
(39) Fv’ ={I,C B,C,C,, B,C, C,, B,C,C,, B,C, C, B,C,C,} 


45? 
(40) ={17, C,C,, C,C,, C,C,C,C,, B,C,C, B,C,C,, B,C,C,, B,C,C, }. 
Finally, combines with the A’*, in order, to give /7?, J,,J,, 
The self-conjugate subgroups of are the groups (35)-(49), 
H*, J,, and F,,. 
Corotuary. The group F,, has exactly T subgroups of order 8. Of them 
H?, and all commutative groups, while J,, and FY are not. 


Determination of all the self-conjugate subgroups of H*, 
14. Its substitutions fall into the 10 distinct sets of conjugates: 
{I}; {C,C,C,C, {C,Cy}3 C, }3 {C,C,, C,C,}; (CLC,, CLC, } 3 


3 
{B,C;C,, (i=1, 2, 3, 4) 
It contains exactly 8 substitutions of period 4: 


* Another proof may be based on the quotient-group, F,,/G,, which is a commutative group 
all of whose operators aside from identity are of period 2. 


/ 
{ 
4 
kd 
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B,C, C,, B,C, C,, B,C, C,, B,C,C, (whose squares are C,C,), 
and « 
B,C,C,, B,C,C,, B,C,C,, B,C,C, (whose squares are C,,C,). 


Hence /7?, is not isomorphic with J?,. Having its self-conjugate substitutions all 
of period 1 or 2, it is not isomorphic with /’,,. 

The groups /, G,, G,, Gi, Gi, A,, together with their combina- 
tions, give all the self-conjugate subgroups of //?,. Proceeding as in § 8, we 
find that the only additional groups are G}, G,, /7°,. 

TueoremM. The only self-conjugate subgroups of H},, aside from itself and 
identity, are G,, Gi K,, G,. 

CoroLiary. The only subgroups of order 8 of are K,, and G,. 


The fifteen subgroups of order 8 of G.,,. 


15. Since all the substitutions, except identity, of the commutative group G,,, 
are of period 2, it contains exactly 15 subgroups of order 8 (see $10). Since 
there are but 5 products each of 4 of the C,, any subgroup of order 8 contains 
at least two C,C’,. Transforming by a suitable even substitution on &,, ---, &,> 
we may take CC, as the first generator. Suppose first that there is present 
at least one further C,C, or one C,C,. Transforming C,C, by a suitable 
power of (£&,& &.), we obtain as first and second generators C,C,, and C,C,: 


The only resulting groups are G’, of § 7 and 
M,= {I,C,C,, C,C,, C,C,, C,C,, C,C,, C.C,, C,C,¢,C, }, 
NV, = I, CLC;, C,C;, C,C,, C,C,0,C,, 0,C;, 


Suppose, however, that there is present no C,C, and no CC, other than C,C,. 
Then there must occur one of the following three: C,C,, C,C,, C,C,. But 
(€,€,&,) transforms CC, into C,C, while (&,&,&,) transforms C,C, into 
C,C,. Hence we may take C,C,.and CC, as the first and second gener- 
ators. The group does not contain C,C,C,C, or C,C,C,C,, not having C,C, 
or C,C, by assumption. Hence the group can contain only the 8 substitu- 
tions forming G of § 8. 

Now (£,£,&.) transforms G, into M,. Also (&, &,&,&,&,) transforms into 
N,. Finally, G,, which contains a single product of four C,,, is not conjugate 
under linear transformation with G;, which contains three products of four C,, 
since a product of two C, and a product of four C, have different characteristic 


determinants. 
TuHeorem. Within O, every subgroup of order 8 of G,, is conjugate with 
G, or else with G; 


while the latter are not conjugate. 


/ 
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All the self-conjugate subgroups of G,,. 
16. Its substitutions fall into the 10 distinct sets of conjugates : 


{I} {C,C,0,0,}5 (C,0,}3 (C,0,, {C,0,, 


{ B, B,C, C,}; {B,C,C, B,C, C,C,C,}; { B,C, C,, B,C,C,};{B,C,C,, B,C,C,}. 


Since BC, 


has the characteristic determinant (1 — p)(1+)°'(1+p°), while the four 


The only substitutions of period 4 are the four in the last two sets. Hence 
G is not isomorphic with also, evidently not with 
substitutions B,C, C,, ete., of period 4 in J,* have the characteristic determinant 
(1—p)(1+ p’)’, the groups G;, and J; are not conjugate under linear trans- 
formation. 

The self-conjugate subgroups of G‘, are all given by 
(41) JI, G,, G, Gy, K,, Ky’, =(B,C,C,), C? =(B,C,C,), 

(1, C,.C., B.. 

(42) 3 3 3 3) 
| = | C,C;, B.C,C,, B,C, 


together with their combinations. Now G) = |J, C,C,} is a subgroup of all of 
order 4. By §8, any two of G,, G), G generate G?, while G, with either 
K, or gives Also with either A, or gives Either G, or 
G'; with either C? or C} gives AK,. Either G, or G with either AY or A” 
gives G’. Next, A, with either C? or A; gives 
(43) L, { I, C, C, C;, B,, B,C 1 B,C A! B,C f 3 
Also, A, with either C) or Ay” gives 
(44) (I, C,C,, C;C;, B,C,C,, B,C,C,, BLC,C,, B,C,C, 
Now KX,” with either C! or A} gives 
(45) (I, C,C,. C,C,, B,, B,C,C,, B,C,C,, B,C,C, 
Again, A,” with either C? or A” gives 
(46) (J, C;; C, Ci, B,C,C;, B,C,C;, B,C,C, 
Finally, we have the relations 

(C2, (C2, Li, (Kj, Gh. 

THEOREM. The self-conjugate subgroups of G,, are the groups (41)-(46) 
and G?, G., K,, G, G, 


16° 


CoroLuary. The subgroups of order 8 of 
K,, and 


an £.. 7, + Gs 


6 
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All the self-conjugate subgroups of H,,. 


17. Its substitutions fall into the following 10 distinct sets of conjugates : 


{C.C,0,C,}; {C,C,}; 6,C,}; C,C,}: 


(B,C, C,, BC, Cy}; B,C,C, }3 (B,C,C;, B. 
{B,C,C,, B,C,C, }. 
G 


in view of the periods of their self-conju- 


Only the last 8 are of period 4, so that /7;, is not isomorphic with G; 


16° 16? 


or J’,. It is not conjugate with F, 


gate substitutions. Finally, /7;, and 77%, are not conjugate * within O, since 
they are self-conjugate only sialon J*, and G,,, respectively ($§ 31, 46). 
16 are I, G.. 


K,, and the groups G,, resulting from their combination. 


THeoreM. The only self-conjugate subgroups of H; 


The only subgroups of order 8 of are H?, G;. 


8 


The non-conjugate subgroups of orders 8, 16, 32 of G,,. 


18. There are 3 distinct sets of conjugate subgroups of order 32 in O,, 
(end : § 7); 6 distinct sets of order 
16, represented by G,,, (8§ These 6 have 
only the following subgroups of order 8: G,, 
J”, F,, Fy, K,, K,, L,, L,, T,, T,, together with sub- 
groups of G,, conjugate with G, or G{ (§§ 12-17). 
Now B, = (&, &,)(&,&,) transforms into G, and transforms A, into A’; ; 
transforms /, into and J; into (&,&&,) transforms into ; 
> transforms J, into into H?, H? into and into J,. Finally, 


C,C, transforms L, into L;, and 7, into 7;. Hence the above 21 groups are 


representatives of which are /?,, 


conjugate within O, with the following: 

The numbers of substitutions of period 4 in these groups are respectively 


In the first place, no two of the groups J,, Z., 7., having exactly 2 substi- 
tutions of period 4, are conjugate under O,. Indeed, the two B,C,C, and 
B,C,C, of J, have the characteristic determinant (1 — p)(1 + p’)’, while the 
two B,C, C, and B,C,C, of L, and the two B,C,C, and B,C,C, of 7, all have 

* Another proof follows from Lemma I, § 2 22, taking t= 5, since S transforms C,C,,C,C, into a 
substitution of Gy. only if it replaces some £, by +£,. Then r—5, since S must transform 
C,C, and C,C, amongst themselves. Hence S replaces £, by + £, and cannot transform C,C, or 
C,C, into a substitution involving £,. 


; 

| 

j 

| 
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the characteristic determinant (1 — p)(1-+p)’(1+ *). Moreover, the five of 
period 2 in Z, all have the characteristic determinant (1 + p)*(1— p)’, while 
CC, = C,C,C,C, of T, has (1 + p)'(1—p). 

In the second place, the groups /7? and A, are not conjugate, since the four 
of period 4 in //? have the characteristic determinant (1 — p)( 1 + p*)*, while 
the four of period 4 in A, have (1 — p)(1+ p)*(1 +p’) 

Finally, no two of the groups G, G”, G are conjugate within O,. Indeed 
all the substitutions except and both G, and have the de- 
terminant (1 + p)*(1 — p)*, while C C C,C, and C,C, of have the 
determinant (1 + p)‘(1 —p), only having (l+p)*(1—p)*% To 
show that G, and G? are not conjagete under O,, we note that (§ 34) G, is 
self-conjugate only under G,,. and (§ 32) G? only under //, 
tains a single subgroup G,,, of order 64, and // 


while con- 


ig three subgroups of order 64. 


THEOREM. Within O, every subgroup of order 8 is conjugate with one and 
but one of the nine groups (47). 


The subgroups of order 4. 

19. The commutative group G, of substitutions of period 2, aside from 
identity, has exactly 7 subgroups of order 4. Any such subgroup contains at 
least two C,C,. Transforming by a suitable even substitution on &,, &,, &,, &,, 
we may take CC, as the first generator. It containsa second C;C, of the form 
C,C,, C,C,, or C,C,, so that the groups are Gj or 

G,= {I, C,C,, C,C,, CC,, C,C,}. 


3)? 


Now B, transforms into Gj, and transforms Gj into A. But 
G? and KK’ are not conjugate in view of the characteristic determinants of their 
substitutions. 

Each of the 7 subgroups of order 4 of G contains at least one C,C,. Now 
(€,&,&,) transforms CC, into C,C,, while (&,&&,) transforms C,C, into 
C,C,, each transforming CC into itself. As first generator we may therefore 
take or C,C,. The resulting groups are G}, A), and 

Gi = {I, C,C,, C,C,, C,C,C,C,}, Gy = C,C,, C,C,, C,C,C,C,}, 
the latter being transformed into the former by B,. But (&, &,&,) transforms 
G', into while B, transforms into 

The commutative group G? of substitutions of periods 1 and 2 has exactly 7 
subgroups of order 4. Now C,C,, C,C,, =(€ B 
transform G® into itself and, in particular, transform B, into B,C,C,, B,C,C,, 
B,C,C,C,C,, C,C,, C,C,, respectively. Hence we may take CC, as the 
first quaciaber of a subgroup of order 4. The group is therefore G or else it 
contains one of the substitutions B,, B,C,C,, B,C,C,, B,C,C,C,C,. Now 


Trans. Am. Math. Soc. 2 
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I, C.C,, C,C,, C,C, transform the preceding four amongst themselves transi- 
tively. Hence the resulting groups are conjugate with AY of $16. Its sub- 
stitutions, other than identity, have the characteristic determinant (1—p)*(1+p)’, 
so that it is not conjugate with either G? or KX’. But AF is not conjugate with 
K' by §§ 38, 42. 

The group -/, contains a single cyclic group (B,C, C,) of order 4. It remains 
to determine the groups containing only operators of periods 1 and 2. Since 
B, transforms C,C, into C,C,, we may take CC, or B, as the first generator. 
The resulting groups are Gj and A”: of §10. The latter is transformed into 
by 

The group 77? contains only two cyclic groups of order 4: C} =(B,C,C,) 
and (B,C,C,), the latter being transformed into the former by C,C,. The 
only further subgroup of order 4 is G?. 

The group F’”” has three cyclic groups of order 4: (B,C,C,), (B,C,C,), 
and (B,C,C,). Now (&,&,&,) transforms B,C,C, into B,C,C,; (€&,&,) 
transforms B,C,C, into B,C, C,. 

The commutative group A, contains the cyclic subgroups 

C; =(B,C,C,), C$ = (B,C,C,), 
and a single further subgroup G? of order 4. But C,C, transforms C’! into 
Cc’. Now C°, whose substitutions of period 4 have the characteristic determi- 
nant (1 — p)(1 + p)?(1 + p’), is not conjugate with C’}, for which the corre- 
sponding quantity is (1 — p)(1 + p’)’. 

The group ZL, contains a single cyclic group C? and but two further groups 
of order 4: A‘ and A,. Now B, transforms A, into A{. 

Finally, 7, contains C', A, A’’’, but no further groups of order 4. 

THEOREM. Within O,, every subgroup of order 4 is conjugate with one 
and but one of the six groups Gi, K,, K7, KY, 


(48) =(B,C,C,), = (B,¢,C,). 


The subgroups of order 2. 

20. There are exactly two distinct sets of conjugate operators of period 2 
within the simple quaternary abelian group (Linear Groups, p. 105). The 
same consequently holds for O,. As representatives belonging to G’,,, we may 
take C,C,C,C, and C,C,, which generate the groups G, and G,, respectively. 

THeoremM. Within O,, every subgroup of order 2 is conjugate with G, 
or 
Summary of the subgroups of order a power of 2. 

21. Representatives of each distinct set of conjugate subgroups of order a 
power of 2 within the group O,, together with all their incidences, are exhibited 


in the following scheme: 


| 
i 
| 
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Ges 


LARGEST SUBGROUPS IN WHICH THE GROUPS OF ORDER A POWER OF 2 


ARE SELF-CONJUGATE, $$ 22-47, 


22. Lemma l. Jf, for p" = 81+ 3, a substitution of O, transforms C,C, 
into a substitution belonging to G,,,, it replaces one of the variables by +&. 


Let S have the matrix Then replaces by 


Since the matrix of S—' is (4;)s it follows that 


j=! 


Since 2 is a not-square, no one of the diagonal terms — 1 + 2a°, of the latter is 
zero. Buta substitution of G,,, has a single non-vanishing coefficient in each 
row (or column). Hence must 

= 0 (i, fj=1, 5; 
Hence the product of any two of the five coefficients in the ¢th column of the 
matrix of S is zero, so that four are zero. It a, is the non-vanishing one, all 
the remaining coefficients in the rth row are zero in view of the orthogonal 
conditions. Hence S replaces & by a,&, where a?,=1. 

I. Jf S transforms each C,C(t=1, 2,3, 4,5) into a sub- 
stitution of G,,,, then S itself belongs to G 
Corotiary Il. Jf S transforms C,C, into itself, it replaces &, by + &,: 

Indeed, — 1 + 2a?,= “gives a,=0 (i=1,---, 5; whence, 
by the orthogonal conditions, a, = 0(7 + ¢). 


960° 


) 
\/ | XY 
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Corotuary III. Jf S transforms into itself a subgroup of G',,, which 
contains a single CC, then S replaces &, by + E . 

Indeed, S transforms CC, into a substitution in whose matrix each diagonal 
term is + 0. Since the latter must belong to G,,,,, it is a product of the C,. 
But C,C, is not conjugate with C,C,, since they have distinct characteristic 
determinants. Hence CC, is transformed into itself. 

23. Lemma Il. Jf a quinary orthogonal substitution S in any GFT[p"], 
for which p" = 81+ 3 or 81—1, transforms each C,C,(k, t=1, 2, 3, 4) 
into a substitution replacing &, by + &,, then S replaces &. by one of the vari- 
ables or its negative. 


Taking (2,.) as the matrix of S, we get for S’ = S~' C,C, S: 


j=1 j=1 
The conditions that S‘ shall replace &, by + &, are 


1 — 207 = +1, + (j=1,2,3, 4). 


According as the upper or lower sign holds, we have 
a, or a +a 
In the first case, we have the five equations 


ot jt 


But not all the determinants of the second order of the matrix formed of the 
kth and ¢th columns of S are zero. Hence a,,=a4,,=0. If, in the second 
ease, a,, = 0, then + 0,a,=0(j=1, 2,3, 4), and & =a, in view of 
the orthogonal conditions. 

Now, if every sum of two of the terms a?,, a?,, a3,, a?, equals 1, each term 
equals }, whence p"=8/+1. Then 2+ 25,=1, so that p" = 8/ + 1, con- 
trary to assumption. Let next one such sum equal 0; for definiteness, 
a?,4+a?,=0. Then a,,=4,,=0. Since a?, + a?,=0 or 1, a?,=0or 1. 
Likewise, a?,= 0or 1. But a?,+a3,=0or1. Hence at least one of the 
terms a?,, vanishes. If both vanish, If a,, +0, then az, =0, 
and & = a,,&,, as shown above. 

Coro.tiary. Jf each transform leaves &, unaltered, S replaces &, by + &.. 

24. Since the C,\C,(t=1, ---, 5) generate G,,, it follows from Corollary | 
to Lemma I that a subgroup of G 


16? 


om Containing is self-conjugate within 


only under a subgroup of G. Now the only even substitutions on &,, -- -, &, 


which transform B, (4 > 1) into itself are B, = J, B,, B,, B,; while the only 
ones which transform 2,, B,, B, amongst themselves are those of the alternat- 


ing group on &,, &,, &,, &,. 


| 
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THEOREM. Within O,, G,, 
conjugate only under G,,, while G,, is self-conjugate only under 


is self-conjugate only under G.,.., J*, is self- 


25. A substitution S which is commutative with C,C,C,C, replaces &, by 
+ &, (Corollary II to Lemma I). By Lineur Groups, p. 160, the number of 
quaternary orthogonal substitutions of determinant + 1 is 


i,j =0,1,288,4,5;j>i 


E, ranging over even substitutions on 


Exactly one half of these belong to O,; for, S(&,&,)C, is a quaternary orthog- 
onal substitution of determinant + 1 if S is, while one and but one of the two 
belongs to O,. Hence the preceding number is the order of the subgroup of 
O, commutative with C,C,C,C,. Another proof follows from the fact that 
C,C,C,C, corresponds (Linear Groups, pp. 179-182) to the abelian substitu- 
tion 7, _,. The latter is commutative with exactly [ p"(p” —1)]* abelian 
operators.* 

THEOREM. Within Og, G, is self-conjugate only under G 

The last group can be given a very simple form when p"=3. Then 


p2n—1)2° 


a (mod 3) (i=1, 2, 3, 4) 


requires that one or four of the coefficients in each row of the matrix for S 
shall + 0. In the former case, S belongs to G,,,._ In the latter case, C W*! 
replaces &, by 2° /=.4,,£,, C’ being a suitably chosen product of an even number of 
the C.(i<5). Hence S= CW-='T, where I leaves & unaltered and replaces 
—&. by + &,, and therefore belongs to G,,,. But W transforms CC, into 
B.C,C,C,C,, C, into WC,, and C, into for i= 2,3, 4. 
Hence S= W*'T,, where IT’, belongs to G,,,. Hence, for p" = 3, the substi- 
tutions commutative with C,C,C,C, form the group 
(50) G,= {T, Wl, W°T (T ranging over G,,,)}. 
26. A substitution is commutative with B,C, C, if and only if it has the form 
S’ of $11. The orthogonal conditions on S’ reduce to the four: 


2 2 2 

9 9 2 2 

a, + %, + + %, = 1, yy — = 0. 


* Transactions, vol. 2(1901), bottom of p. 109. The number is the same for the quotient- 
group of order & since transforms 71, into 7:,-1= Ti, Tz, 1. 


| 

— 

| 
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If a?, + a?, + 0, the equations (51) in the second column give 


(52) A, = + 8A,,, = — 
where 
a, aa a, a? + a? 


It follows that 
j=1 11 


The conditions (51) therefore reduce to (52) together with 
(54) +4, +2, +4,=1, + + 


By Linear Groups, p. 46, the equation a?,+ a°,=« has p"—v or 
p" + p"v —v sets of solutions in the G/’[p"], where v= +1 according as 
p"=4l1+1. Hence there are — (2p" + vp" — 2v) sets a,,, a,, for which 
a; + a, is neither 0 nor 1. Each such set furnishes p”" — v sets a,,, a,, satis- 
fying a3, + a7,=1—(ai,+%,). Next, each of the p" — v sets of solutions 
of a?, + a}, = 1 furnishes p" + p"v — v sets a,,, a,,. Hence there are 


(p” — v)[(p™ — 2p" — vp" + 2v) + (p" + p*v— +) 


sets a,,,---, @,, satisfying the first condition * (54) and a7, + a?, + 0. 
If a7, + af, = 0, then aj,+a7,=1. The last equations (51) now give 


(52’) = AA, Ba,,, Ba,, — 


where 


(53’) 


a+ P= (a, + ais) (a, + ai.) = 0. 
Hence a2, + a3, = 0. The condition (51) therefore reduce to (52’) and 
(54’) a,=9, a,+a,=1, + a, =1. 


and hence have ( p" — v)’( p" + p*v — v) sets of solutions a,,. 


The total number of sets of solutions of (51) is thus (p" — v)*(p™ + p"v). 


The determinant of S’ is seen to equal 
\2 2) 


and hence by (51) equals +1. The sign + must therefore be taken +. 


* Since this has p*" — p” sets of solutions (Linear Groups, p. 47), we obtain a second proof. 


4 
j 
i 
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For p" = 8, only half of the resulting 96 orthogonal substitutions S’ of de- 
terminant + 1 belong to O,. These are seen to be 

(55) B,, B;C,C,, B,C,C,, B,C,C,C,C,, B,C,C,, B,C,C,, B,C,C,, B,C,C, 

(i=1,4;j=2,3) 

together with their products on the left by W ( &,&, &,) and its inverse W*( &,&,&,). 

For p" = 5, it will be shown that exactly half of the resulting 480 orthogonal 

substitutions S’ of determinant + 1 belong to O,. Assuming first that 3 of the 


a,, are zero, we obtain the 16 substitutions (55) and 16 others not in Og. As- 
sume next that exactly one of the a, ; is zero. Then two of the ar are + 1 


and one is — 1, so that there are 12 types. For example,* take a}, = a7, =+ 1, 
By Hence either = 0, whence 
= — = % by (52’), or else a,, = 0, whence 
Ang = — 5 = — 
In the respective cases, S’ becomes 
Ais 0 0 
2 2 
ay, 
— 0 — 0 ) 
L 0 0 0 0 1} 
ay 0 0 
2 
S,= — Gs 0 — 0 ( = ) 
{ 0 0 0 0 1} 


To show that none of the 16 substitutions S| belong to O,, dencie S| by 
S* when a,,=2,,= +1, 4,=+2. According as a,,= +2 or —2, we 
have for S* 

Ri», C,; £,&,)C,C;, oF C, £,)C;, 
neither of which belongs to O. Giving to (a,,, %,,,,,) in turn the values 
(1, 1, —2),(—1,-—1,2),(-—1, — 1, —2), (1, —1,2),(1, —1,-2), 


* Note that one of the four S’, B,S’, B,C, C,S’, B,C, C,S’ has a,,—0, while each is commuta- 
tive with B,C,C,. Also, (£,£,£,)S’ has aj, =—1, and belongs to Oo if and 
only if S’ does. 


2 
q 
| 
+ 
j 
j 
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—1,1,2),(—1, 1, —2), we find for S|: C,C,S}C,C,, C,C,S}C,C,, 
f C, C; ’ C, C, C, C, ’ C, St C; C, ’ C, S| 

To show that all the 16 substitutions S’ belong to O,, denote S) by S} when 

a,=4,=+1,4,=+2. According as a,,= + 2 or — 2, we have for S} 


234 2 
Giving to (4,,, %,) in turn the values (1,1, — 
—1, —1, —2),(1, —1, 2), (1, —1, —2),(—1, 1, 
we find for C,C,S83C,C,, C,C,SiC,C,, 
CC, CLO, C,C, 8%. 


2), (— ,—1, 2), 


1 


C 


Assume lastly that none of the ,, are zero. Then every aj,=—1. By 
(54), a3, + 5,=—2, so that (mod. 5). lence every 
By (53), 

r= 2( — $= 3( 4,4, + 45), = 0. 


Let first s = 0, so that a,, = %,,%,,%,,, 7 = %,%,- By (52) we find for S’: 


0 0 0 0 1 
Denote S; by S} when For a,,=4,,= + 2, we have 
for 
For a,,= 4,,= —2, S3'C,C,. Fora, = 2, — 2, S} becomes 
y y y > 
For a,,= — 2, 4,,= +2, S} becomes S3“C,C,. Hence S} belongs to O, 
if and if 4,, Next, C,0,C3C,C, a, =a,,=2, 
a,= —2; a,,=a,,. ‘Again, S; COS C ,C,C, when 
a, = = —2,4,,= + 2, whence must a,,=a,,. Also, S; = S*C,C, when 
= 4, —2, a,,——2, whence must a,,=24,,. Denote by [2, 8] 
when =4,=2, 4,—=—2. Then [a2, —8] = C,C,S°C,C,, whence 
must a,,= —a,,. Fora, =a,=—2,4,= +2, S;=[a,8]C,C,, whence 
must a,,=—a,,. For 4,=2, 4,=4,=—2, S,;= C,C,[—a,—B], 
whence must a,=—a,,. Finally, S;=C,C,[—a, —8]C,C,, when 
a,=—2, 4,=4,,= +2, whence must a,,.=—a,,. To summarize, S; 
belongs to O, only when a,,= + if a,, = + 4,,,and —a,,if a,,=—a 


or briefly, only when 2,, = — a,,4,,4,,. 


‘ 
| 
4 
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Let next r = 0, so that a,, = —a,,4,,4,,,8=4,,%,,. Then, by (52), 
Ay = Bq % 3 13 
For 4, = 4, = 4%,,= =4%,,= +2, S’ becomes* = of §11 and hence 


belongs to O,. Hence, in view of the preceding case, the general S’, with 
r = 0, belongs to O, only when 2,,= — 

We may combine the two preceding cases as follows: An orthogonal substi- 
tution S’ with every 2,, + 0 belongs to Oy, if and only if 


Hence of the 480 orthogonal substitutions of determinant unity which are 
commutative with B,C, C,, exactly 240 belong to Og for =5. 

In the general case there are exactly }( p" — v)( p** — 1) p" substitutions of 
O, commutative with B,C,\C,, where v= +1 according as p"=4/+1. 
Indeed, S, = (&,&,)C, S is commutative with B,C,C, if S is, while only one of 
the pair S, S, belongs to Og by §§ 3, 4. 

Now B, transforms B,C, C, into its inverse B,C, 

THEOREM. Within Og, the group C}=(B,C 


4 


is self-conjugate only 
under a group 

27. We may now readily determine the largest subgroup transforming G,, 
into itself. The latter has exactly 12 substitutions of period 4: B,C,C,, 
k,l=2,3,4; k+/1. They are all conjugate within G,,,, under which G,, is 
certainly self-conjugate. Indeed, B, and CC, transform B,C, C, into B,C,C, 
and B,C\C,, respectively: and (&,&,&,) transform into 
B,C,C, and B,C, C,, respectively: C,C, transforms B,C, C, into B,C,C,; B, 
transforms B,C,C, into B,C,C,, B,C,C, into B,C,C,, and B,C,C, into 
B,C,C,; C,C, transforms B,C,C, into B,C,\C,; B, transforms B,C, C, into 
B,C,C,, and B,C, C, into B,C,C,. 

We next show that exactly 48 operators of O, transform G‘,, and the substi- 
tution B,C,C, each into itself. It will then follow that G.,, is self-conjugate 
only under a group of order 12 x 48. 

For p" = 3, this result follows from §26 since W?(£,&,&,) transforms G,,, 
into itself (§ 11). 

For p” = 5 consider in turn the various types of substitutions of O, which 
are commutative with B,C,C,. When 3 of the a,, are zero, there resulted the 
16 substitutions (55). Since they belong to G,,,,, they transform G’,, into itself. 
When a single a,, is zero, there resulted 12 types of substitutions, one type 
comprising the 16 substitutions S’, the substitutions of the remaining types 
being of the form I'S}, where I’ belongs to G But S) transforms C,C, 
into 


192° 


* Note that = = C, S3*C,( 


4 
| 
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i 
3 
4 
4 
4 
: 


26 L. E. DICKSON: SUBGROUPS OF ORDER A POWER (January 


—1 2a,2,, 0 0 
1 0 8a,,%,, 0 
2a,,%,, 0 1 2a,,4,, 0 (> a2 
0 8a,,%,, 24%, —1 0 
| oO 0 0 0 1 


which does not belong to G,, since its non-diagonal terms do not all vanish. 
Hence the 12 types are all excluded. Finally, when none of the 2,, are zero, 
there resulted the 32 substitutions S of the form S’ with every a), = a),= —1 
and satisfying (56). We verify that S transforms CC, into 


0 0 
0 O-p 0 

O 

Since 7+ w =1, either’ =Oorw=0. If AX=0, then a,,= —a,,4,2,,, 


—4,,4,,, and (57) is B,C,C, or B,C,C,. 0, then 
A= — 4,,2,,, and (57) is either B, or B,C,C,C,C,. Hence (57) belongs to 


G,, in every case. 
Next, S transforms C, C, into 


0 0 oc p 9 
0 O0-p 
p 0 0 90 
i9 0 0 Ty 


Since p? + o? = 1, either p=0 oro =0. If p=0, then and 

(58) is either B, or B,C,C,C,C,. If o=0, then a,,= —a,,4,,4,, and (58) 

is either B,C,C, or B,C,C,. Hence (58) belongs to G,, in every case. 
Finally, S transforms 2, into 


a 0 B 
0-2 0 
0-B 0 a 9 
0 0 0 0 1 


| 

4 
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Then? + Ifa=0, thena,, = 2,,4,,4,, and (59) is either B,C, C, or 
B,C,C,. Tf 8=0, then a, = —a, ‘on (59) is either C,C, or C,C,. 
Hence (59) belongs to G,, in ouy case. 

The general case will he established indirectly. Of the substitutions trans- 
forming B,C,C, into itself and hence also its inverse 2,C,C, into itself, B, 
transforms B,C’ C, into B,C,C,; = of $11 transforms B, C,C, into B,C, C, 
and the latter into B,C,C,; B, B,C, C, into B. B, 
transforms B,C,C, into B,C,C,. Hence 6 of the 12 of 4 
in G,, are conjugate with B,C, C, by means of substitutions transforming 
and B,C, C, each into itself. We next show that no substitution of O, trans- 
forms B,C, C, into itself and B,C,C, into one of the four: B,C,C,, B,C,C,, 
B,C,C,, B,C,C,. The B. = where S’ is given 
in § $11 requires that every = = 0, hence is Likewise, 
B,C, = S'B,C,C, is But B, transforms B,C, C, into B,C,C, 
and B,C, C, into B, C, Finally, we show that exactly 8 
transform B,C,C, and B,C,C, each into itself. It suffices to find the sub- 
stitutions which are commutative with both B,C\C, and C,C,. Now 
= S’'C,C, requires that a,,, ,,, 
special form S” of S’ transforms CC, into 


a, %, all vanish. The resulting 


a? — ai, 0 2a,,%5 0 0 
0 a, — a, 0 —2a,,a,, 0 
(60) 2a,, 0 at, — ai, 0 0 
0 — 2a,, 0 a,—a, 0 
q 0 0 0 0 1 | 
This belongs to G,,, when 2 is a not-square, if and only if a,,4,, = 0, a,,a,,= 9, 
since the only conditions on S” are ai, + a),= 1, a, + a3,= 1. For a,, = 0, 


S” belongs to O, if and only if a,,= 0, whence S” is B,C,C,, B,C,C,, 
B,C,C, or B,C,C,, all belonging to G, For a,,= 0, a,, = 0, whence 
is C CC, or C,C,C,C,, all to G., 

THEOREM. Within the group G., is self- only under 


(61) G,,= {T, =F, (T ranging over G,,,)}. 


28. The group /73, is self-conjugate under G,, by $7. Of the 20 substi- 
tutions of period 4 in /73,, the four B,C,C,, B,C,C,, B,C,C,, B,C,C, are 
conjugate within G’,,; likewise the eight B,C,C,, B,C,C,(i =1, 2,3, 4); like- 
wise the eight B,C,C,, B,C,C,, as follows from the table of conjugate substi- 
tutions of G’,, (§ 6). Mae B,C,C, and B,C,C, have the characteristic deter- 
minants (1 — p)(1+p)?(1+ ’) and (1 —p)(1+ p’)’, respectively (end of 


= 
3 
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$19). Hence B,C, C, 
of H,. We proceed to show that only 16 substitutions of O, transform /7?, 
and B,C, C, each into itself and that the 16 are the substitutions (55) belong- 
ing to G,,. The proof is similar to that in $27. Consider first the case 
p"=5. Then (57) belongs to IT’, if and only if a,= —4,,4,,4,,; (58) 


belongs to //%, if and only if a,,= + 4,,4,,a,,. Hence a transformer with each 


is conjugate with only 4 of the substitutions of period 4 


a,, + 0 is excluded. Those with a single a,, equal zero are excluded as in § 27. 
For the general case we proceed as at the end of § 27. The only substitutions 
transforming B,C, C, and B,C, C, each into itself are 8 substitutions belonging 
to H7?,. Indeed, (60) belongs to //},, when 2 is a not-square, if and only if 
0, 4,,%,,= 9. 

TueoreM. Within Og, the group H}, is self-conjugate only under G,,. 

29. The group -/?, is self-conjugate under G’,, since it is self-conjugate under 
both G,, and J*, (§§ 8,10). Within G,, the four substitutions of period 4 of 
J*. are conjugate with B,C,C,. It therefore remains only to determine all the 
substitutions S of O, which transform J}, and B,C,C, each into itself. We 
proceed as in § 27. For p" = 5, the only substitutions S are the 16 substitu- 
tions (55); for, (67) belongs to /?, if and only if a,,= — a,,,,4,,, while (58) 
belongs J?, if and only if a,,= + 4,,4,,4,,. 

In the general case, S’ belongs to G,, if it is commutative with C,C, (end 
of §27). Within G,, the substitutions of period 2 in J}, fall into sets of con- 


jugates as follows: 
C,C,, C,C,, C1C,, C,C;; B,, B,C,C,, B,C,C,, C,C,C,. 


The conditions for C,C,S’'=S'C,C, are a,=4,,=0(j7=1, 2, 3, 4). 
Likewise, S’ cannot transform CC, into C,C,, nor into B,. 

TueoreM. Within O,, the group is self-conjugate only under 

30. Since G'|, contains C,C,, C,C, and C,C,, a substitution S commutative 
with it must replace three variables by + &, + &, + & (Lemma I], § 22). 
Since further there exists an even substitution on &, ---, & which replaces 
£., &,, &, by those three variables, respectively, we may set S = O}¢T, where 
belongs to G,,,. Now transforms B, into 7 = (£&,&,)7,, where 7, 
replaces &, by + (A*>— w’)E,. In order that 7 shall belong to G‘{,, it 
is necessary that 7, = (&,&,)C, where C’ is a product of the C,. Hence 
Aw The case X= 0 is excluded if S belongs to O,. Hence O}* = J 
or C,C,. Hence S belongs to G,,,. But the only even substitutions on 
—,---, €&, which transform B, into itself are I, B,, B,, B,. But neither B, 
nor B, transforms C,C,, C,C,, C,C, amongst themselves. 


THeoremM. Within Og, the group is self-conjugate only under 
31. By a proof entirely analogous to the preceding, we obtain the 
THeoremM. Within Og, the group H_, is self-conjugate only under J%,. 
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32. A substitution S which transforms G‘ into itself must replace &, by 
+ & (Corollary III of § 22). If S transforms C,C, of G; into itself, then 
S= O,,0,.,C, where C is a product of C;. Now O} 4027 transforms DB 


into a substitution 2° which replaces & and &, by 
2rmE, + (M— )E,,  2pok, + (p> — E,, 


respectively. Since »* + w?=1 and 2 is a not-square, then A* — pw” + 0. 
Hence Au = 0, po = 0 if B’ belongs to G), so that S belongs to (G,,, B,). 
Now G® is evidently self-conjugate under G,,. Within the latter, C,C, and 
CC, are conjugate, as also B,, B,C,C,, B,C,C,, B,B,C,C,C,. Mence if On 
contains a substitution which transforms C,C, into 2, and G into itself, G! 
will be self-conjugate under exactly 6 x 32 substitutions of O,. Now an 
orthogonal substitution of period 2 replaces & by + &, and transforms C,C, 
into B, if and only if it has the form 


) 
— 2, — 0 
a 
12 12 0 —1) 
—4, 0 = 1]. 
L4 =] J 
0 0 O oO +1! 


It therefore transforms B, into C,C,and B,C,C, and B,C,C, into themselves, 
and hence G} into itself. We choose the sign + to make the determinant 
equal +1. If S is one such substitution, then S, = S(&,&,)C, is another, 
since (£,&,)C, transforms each substitution of G> into itself. But * either S 
or S, belongs to Og (§ 4). 

THEeorEeM. Within Og, the group G? is self-conjugate only under H,,,. 

33. Since G” contains C,C,, C,C, and C,C,, a substitution commutative 
with G has (as in § 30) the form O}' #T,T in G,,,. The first factor is evi- 
dently commutative with every substitution of G’. It belongs to O, if and 
only if it isa Q,, (of §3), the number of which is }(p"—v). But the only 
even substitutions on &, ---, & which transforms C,C,, C,C, and C,C, 
amongst themselves are 


(62) J, (€,&)(€&), (688), (&88)- 
THEOREM. Within O,, the group G is self-conjugate only under 

(63) = [ Giss (62) ]. 
For p" = 3 or 5, the only are Jand C\C,. Hence = [G,,, (62)]. 


* For p" = 5, the values a,, = a, = a, = 2, + 1——1, make the transformer equal to 
C, C; C, C; (Sa5453 ) Rasy Cy Cy Ring (S154 8s ) 


A 

| 

| 

| | 
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34. The group G‘, is evidently self-conjugate under G’,,, of §24. Within 
the latter C,C, is conjugate with C,C,, C,C,, C,C,, C,C, and C,C,. It 
thus remains to determine the substitutions S which are commutative with both 
U,C,and G,. As in §32, S= 0, ,0,,C. But transforms CC, into 


a substitution which replaces & and &, by 
+ 2ruE,, (0? — p*)E, + 2pok,, 


respectively. Hence must Au = 0, pa = 0. 
THeorREM. Within O,, the group G, is self-conjugate only under G,,,. 
35. A substitution S commutative with A, must replace —, by + &, (Corol- 
lary II of § 22), and must transform CC, into itself or C,C,. Hence 
S= O, ,0.,,C or its product on the right by B,. Now O}#O% 7 transforms 


B,C,C, into 
= —&,, = 2pok, + —o°)E,, 


— )E, — 2po€,, &=—§,, 


which belongs to X, if and only if pr=0. According as c= 0 or p=), it 
becomes B,C, C, or B,C,C,, respectively. Hence if O} belongs to Og it 
isa Y, 5, Y,,; 23, or the product of one of them by C,C,, Finally, B, does 
not transform A,, into itself. 

TueorEeM. Within O,, the group K, is self-conjugate only under 
(64) = (Quits Gy). 


p"—v) 


For p" = 3 or 5, this group becomes J?,. 

36. A substitution commutative with /7* must be of the type S of § 35. 
Now O} evidently transforms B,C, C, = Of ;'O% into itself. Hence 
it transforms into itself B,C,C,= B,C,C,-C,C,, B,C,C,= B,C,C,: C,C,, 
B,C, C, = B,C,C,: C,C,0,C,. Also, B, transforms into itself. 

THeorEeM. Within O,, the group H? is self-conjugate only under 


(65) = (OPE OE 7, 


For p" =8 or 5, this group becomes G,,. 

37. A substitution S commutative with Gj must replace &, by + &, (Corollary 
II of § 22) and transform C, C, into itself or C,C,. Hence S= O, ,O, ,C or 
its product by B,, respectively. 

THEOREM. Within O,, the group G* is self-conjugate only under 


(65’) = (Qt Gy): 


For p" = 38 or 5, this group becomes G,,. 


| 

i 

| 
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38. The group A’; is certainly self-conjugate under //,, of § 33. Within the 
latter C,C,, C,C, and C,C, are conjugate, and //,, has substitutions which 


transform C’,C, into itself and CC, into C,C,. It thus remains to determine 


the substitutions S commutative with each C,C,, C,C,, C,C,. Now S=On4%C, 
where C’ is a product of the C.. 
THEOREM. Within Og, is self-conjugate only under H,,,,,._,) 
39. A substitution commutative with A’ and hence with C,C, is either 


S=Or'0,,;0r SC,. Now S transforms C,C,C,C, into 
f= = — &,. 


Hence Apu = 0 is the necessary and sufficient condition that the transform shall 
belong to A’. The substitutions commutative with it are 


CO, 4,59 (&, E,)CO,, 5 (C=1, GG). 


The number of substitutions O,,, of determinant +1 is 2(p"—1)p", by 
Linear Groups, p. 160. Hence }-8-2(p”" —1)p” substitutions of O, are 
commutative with 

THeorEM. Within KY’ is self-conjugate only under 

Corottary. Lvactly p"(p" —1)(p" — v) substitutions of O, are commu- 
tative with C,C,. 

40. A substitution S commutative with J, replaces &, by + &,. If S is of 
determinant + 1 and is commutative with B,C, C, it has the form 


0 0 O 41) 


If A is commutative with C.C,, then a,,=a,,=a,,=a,,=0. The resulting 
1 2 13 14 23 24 5 


2(p" — v) substitutions are commutative with B, and hence with J, and all 
belong to O,. If A transforms C,C, into B, (and hence B, into C,C, and 


a,,=4,,. The orthog- 


hence -/, into itself), then a,, = = = 
1 


11? 


onal conditions then reduce to a,, = + @,,, = = 4,,, +a?,= 43. Denot- 
ing the resulting substitution by A., we have A_ = K, C,C,. We proceed 
to show that A’, (and hence A_) does not belong to O,. Setting a,, = a and 
a,, = 8, we have for A, 


| 
| 
§ 
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0 ) 


For p*=8, [1,1] = W*(é,&)C,, 


[-1, —1] [1, 1) [1, = 


so that none of the [a, 8] belong to O). 
For any GF'[p"] in which —1 is the square of a mark i, we make the 
transformation of variables given in Linear Groups, p. 180, and get 
13 14 } 23 24 34 


Fi, WS }(1—a) —3(14+2) (a+i8) 


¥i,3(1—2) 3(a+i8) -HB (142). 


The determinant (141) of Linear Groups, p. 154, here equals 
and must be a square or zero. Applying a? + 6’ = }, it reduces to 
3-1(1+4 

By proper choice of i as a root of x? = — 1, we can assume that 1 + 2i8 + 0. 
But 2 is a not-square. Hence none of the [a, 8] belong to O,. 

Finally, C,C, of J, transforms B,C, C, into its inverse B,C,C,. 

TueoreM. Within O,, the group J, is self-conjugate only under 
= (Gar Qh 


Coro.tiary. For p" = 3 or 5, -/, is self-conjugate only under G.,. 
41. A substitution S commutative with F’;” replaces &, by + &,. Then S is 


commutative with B,C,C, if and only if it has the form 


82 
B a B = 

| 8 —a 8B —a 0 | 

[1,8] =| —2 —£f B 0 a? + 32=—}). 

| B—a | { 

| 0 0 0 0 1 ; 

i 

4 
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a 0 


33 


0) 
| 
° 

| 


0 +1; 


Hence S, is commutative with the inverse B,C,C, of B,C,C,. There are four 
further substitutions of period 4 in F'’: B,C,C,, B,C,C,, B,C,C,, B,C,C,. 
If S, is commutative with B,C,C,, then a,,= — 4, 4,= —%,, 4, = 
a,,=a,,. The orthogonal conditions then reduce to a?, + + a?, + ai, = 
Hence by Linear Groups, p. 47, there are p*® — p" substitutions S; of determi- 
nant + 1 commutative with B,C,C,, and consequently commutative with 


B,C,C,-B,C,C, = B,C,C. 


4 


and hence with the group Fy’. If S, transforms B,C,C, into its inverse, 
S,=SiC\C,. If S, transforms B,C,C, into B,C,C,, S, = and 
transforms B,C,C, into B,C,C,. By symmetry there exist orthogonal substi- 
tutions of determinant + 1 which transform F’”’ into itself and transform 
B,C,C, into B,C,C, and are commutative with B,C,C,. Hence there are 
6 -4-(p*" — p") orthogonal substitutions of determinant + 1 which are com- 
mutative with F’,’. Exactly half of these belong to O,, since (&, &,) C, trans- 
forms B,C,C,, B,C,C, and B,C,C, into B,C,C,, B,C,C, and B,C,C,, 
respectively, and hence /’~” into itself. 

THeoremM. Within O,, is self-conjugate only under Gyo 

42. The group AS contains 7, C,C,, B, and B,C,C,. Now C,C, trans- 
forms B, into B,C,C,, and C,C, into itself. By § 32, O, contains a substitu- 
tion which transforms C,C, and B, into each other. Hence the number of 
substitutions of O, commutative with A’{ is 6 times the number commutative 
with each of its operators. If («,,) is commutative with C,C,, then %;, 
a,,,%,, are all zero. If it is also commutative with 


resulting orthogonal substitutions are 


34? 


+ = 1, a, 0,3 = 0 
2 2 2 2 
Org = 1, + = 0 
2 2 2 
2a52 + a55 = + 055 = 1 | 


O52 ( + ) + = J 


Trans. Am. Math. Sce 3 


33 
Die is Bis 

} 
04 

4 

0 Ais 0 0 } 

| 0 0 | 
(67) 0 «a, 0 0 | | 
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The condition that the determinant shall equal + 1 is 
(68) ( [ B55 ( + — 2a,, a5. | =1. 


The conditions on 2,,, 


25 


are seen to reduce to the following : 
(69) = 2a, —1, 


By Linear Groups, p. 48, the last condition has p"+ v sets of solutions 
fg 2a,, +1, if 2 is a not-square and v= +1 according as p"=4/+1. 
There are 4 sets of solutions of a?,+ a?,=1,4,4,=0. Of the resulting 
2-4 (p"+ rv) substitutions, half belong to O,, since but one of the pair S and 
S(&,&,) C, does. 

TueoremM. Within O,, K, is self-conjugate only under 

43. The group 7, contains C,C, and C,C,, but no further C,C,. Hence, 
as in the proof of Corollary III of § 22, a substitution S commutative with 7, 
must replace the pair &,, &, by + &,, + & in some order. Hence Sis commuta- 
tive with C,C,. If S be commutative with B,, it is of the form (67), of which 
4(p"+v) belong to O,. Then S is commutative with B,C,C, and trans- 
forms B,C,C, into B,C,C, or B,C,C,, since it transforms C,C, and C,C, 
amongst themselves. Next, C,C, transforms 7” into itself and B, into B,C,C,, 
B,C,C, into B,C,C,. Finally, B, and B,C,C, have different characteristic 
determinants. 

THeoreM. Within T, is self-conjugate only under 

44. Every orthogonal substitution commutative with B,C,C, has the form 


ay 0 0 0 
0 0 a2 + ay, = 1 
9 | 
(70) —a, 0 a, 0 | 
0 52 o— J 


The conditions on @,,, %,,, %,,5 %,)5 %,, and that for determinant + 1 are seen to 
reduce to (69) if the sign of a,, is changed in the latter. Hence these conditions 
have 2(p" + v) sets of solutions. Again, a?, + a?,=1 has p" — v sets of so- 
lutions. Hence exactly * p**—1 of the 2(p"—1) substitutions (70) of 
determinant + 1 belong to O,. | 

Observing that CC, transforms B,C, C,, into its inverse, we may state the 

THEOREM. Within O,, the group (B,C\C,) is self-conjugate only under 
group G,, p—1)° 


* To make an explicit determination of them, we proceed as in Linear Groups, § 189. When 
— 1 is the square of a mark i, (70) becomes 


j 

ig 

| 
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45. Since LZ, contains a single cyclic subgroup ( B,C, C,) of order 4, a sub- 
stitution which transforms Z, into itself must be of the form (70) or its product 
by C,C,. Now (70) transforms the substitution C,C, of L, into 


— 0 24,,%5 0 | 
0 1-22 0 22°, | 
(71) 0 — 0 0 | = ( 55 - 
0 222, 0 1-28 | 
k 0 —k 


If (71) reduces to C,C,, then a,=0,4,,=0,4,,=1, so that (70) becomes 
I, C,C,, C,C, or C,C,C,C,, in case it belongs to O,. If (71) reduces to 
C,C,, then a, =0,2,,=0, a,,=—1, so that (70) becomes B,C.C, or 
B,C,C, (i =1,3), in case it belongs to O,. The remaining substitutions 
of period 2 of L,, other than C,C,=(B,C,C,)’, are B, and B,C,C,. But 
(71) cannot reduce to either of these when 2 is a not-square. Now 


(72) I, €,C,, C,C,C,C,, B,C,C,, B,C,C, (¢=1, 3), 
together with their products by C,C,, give the 16 substitutions of G;,. 
a ) — 0 0 — 
bys toe) Pe P- | 
0 Ps A B —P. 0 
0 Ps c — Ps 0 
days (ay; — Pye — P- — 
It is seen to be the second compound of 
| Zz y ry rr | 
z w rw —a13 
-rw w—z | ("=a 
=F x | 
if and only if the following conditions hold 
1+r? 1+ rt 2(1+r*) 1+r 
1+r 2(1+ 7?) 1+r 1+r 


We have 1+ r?—2/(1-+a,,). These conditions are seen to be compatible and to determine 
(except as to sign) marks z, y, z, w of the field if and only if any non vanishing one of the last 
four fractions isa square. For example, BC= AD==}11-+ AB=— 
If a3 = 0, a,=+1, we take r=0. If a,,;—0, a,,——1, the formule fail, but the sub- 
stitution (70) is then the product of the preceding by C,C,, so that one belongs to Oo if the 
other does. 


/ 
i 
| 
| 
ta 
4 
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TuHeoreM. Within Og, the group L, is self-conjugate only under G,,. 

46. The group /7?, contains 8 substitutions of period 4: B,C,C, and 
B,C,C, (i=1, 8), all of which are conjugate under G,, (§ 6). A substitu- 
tion which transforms 3, CC, into itself and C,C, into a substitution of /7?, 


belongs to the set (72). Indeed, the conditions on (70) are 


or 


THeoremM. Within Og, the group is self-conjugate only under 

47. The only self-conjugate substitutions of period 4 of /’,, are B,C, C, and 
its inverse B,C,C, ($13). These must be transformed among themselves by 
any substitution commutative with /,. Every substitution S commutative 
with B,C,C, has the form 


0 
— 4,, a. 0 
0 


S= a a 
— Fs — 0 


| 

| 

| “31 32 33 34 

| 

0 oO oO +1 


The further substitutions of period 4 of /,, are B,C,C, and B,C,C,, B,C, C, 
and B.C,C,, B,C,C, and B,C,C,, the two of each pair being conjugate within 
G,,, under which F’,, is self-conjugate (§ 10). 

If S is commutative with B,C,C,, then a,,, %,,, %,, %, are zero, so that 
S = Om; Or if it is orthogonal and of determinant +1. If further S 
be commutative with B,C,C, and hence with then ,, = 4, = 
But if S transforms B,C,C, into B,C,C,, then a,, = a,,, 4, = — 4,,, so that 
S = Opy Om and hence is not in Hence Of * and 
its product by C,C, are the only substitutions S of O, which are commutative 
with F,, and B,C,|C,. Their products by B, are the only ones transforming 
B,C, C, into B,C,C,. 

If an orthogonal substitution of the form S transforms B,C, C, into B,C,C,, 


it has the form 


0 0 0 0 +1 


Its determinant equals +4(2? + °,)(a?,+ a7,). We therefore take 
+1=+41. Then S’ transforms B,C, C, into 


4 

) § 

| 

| 

| 

j 

| 
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0 


— 


0 0 


Then p?+o7=1. This belongs to /’,, (and consequently S’ transforms F’, 
into itself) only when po=0. If c=0, it becomes B,C\|C, or B,C,C,. 
If p=0, it becomes B,C,C, or B,C,C,. Since 2 is a not-square, the condi- 
%, all differ from 0. Hence p= 0 gives 
the remark at the end of the section it follows * indirectly that exactly half of 


tions on S’ show that a 


the resulting substitutions belong to O,. 

If an orthogonal substitution of the form S transforms B,C,C, into B,C, C, 
then S= C,. 

The total number of orthogonal substitutions S of determinant + 1 which 
transforms /’,, into itself is therefore 6-4-(p"—v). These, together with 
their products by C,C, (which transforms /’,, into itself and B,C,C, into its 
inverse B,C,C,), give all of determinant + 1 which transforms F’, 
But (&, &,)C, transforms /’,, into itself. Hence exactly 6-4-( p" — v) belong 
to O,. 

TueorEM. Within Og, F,, is self-conjugate only under 


Another proof follows from the results of § 26. The substitutions of O, 


. into itself. 


commutative with B,C,C, are found from those commutative with B,C,C, by 
transformation by (£,&,&,). From (55) we thus get 


(18) B,. B00, BOC, ROL, BOL. 


4). 


Hence, for p" = 3, these and their products by W(&,&,&,) and by its inverse 
give all the substitutions commutative with B,C\C,. Inversely, they trans- 
form /’,, into itself. For p"=5, the 12 types S’ with a single vanishing a,, 
are seen to be excluded as in $27. Consider next =*, the transform of S’ by 
,£.& ), where S’ is the substitution of § 11 subject to the conditions (56). 
2$3S4, 
We find that =* transforms C,C, and B, into respectively 
3 I 


* To give a direct proof for p" = 3, we note a substitution given by the lower signs is the 
product of C,C, and that given by the upper signs. For a,—=a,=—+1, a4,=a,.=—+1, 
S’= W? ( ; for = ay = +1, ag = — 1, ( £4555, 0,0, fora—a,=—1, 
yy = = — 1, = 525453) (S554) CGC, = for = a,=—ay = 1, 
S’ = C,C,S8”C,C,. All other cases follow at once from these. 


87 

| | 

—p 0 0 | 

| p 0 0 | 

1 

(i=1,3;j7=2, 

i 
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0 0 p 0) fA 0 0 0) 
0 0 0 0 1/10 0 0 0 1 


Since p? + o? = 1, either p= 0, whence the first substitution is either B,C,C, 
or B,C,C,, or ¢ = 0, whence it is either B, or B,C,C,C,C,. Since 
either ’ = 0 and the second substitution is either B,C,C, or B,C,C,, or n= 9 
and it is either C,C, or C,C,. The resulting substitutions all belong to F’,,. 
But B,C,C,, C,C, and B, generate F’,,. Hence each of the 32 substitutions 
=* transforms /’,, into itself. These together with the 16 substitutions (73) 
give all the 48 substitutions of O, which transform F’,, and B,C, C, each into 
itself. But B, transforms F’,, into itself and 6,C,C, into its inverse. Hence 


F 


18 self-conjugate only under the group (G',, =*) of order 96. 
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ON CERTAIN INVARIANTS OF TWO TRIANGLES* 
BY 
JOHN GALE HUN 


The purposes of this paper are to express some of the simpler invariant rela- 
tions of two triangles in terms of three fundamental invariants, and to consider 
the case of two triangles apolar both ways. The fundamental invariants are 
derived by a method first presented by HILBERT in a letter to HERMITE. + 


$1. The three fundamental invariants. 


With two plane curves, one of nth order a* = 0 and the other of nth class 
a; = 0, there is associated the connex 


aa, 


found by acting on the line curve with the polar of the point y as to the point 
curve. { The fixed points of this connex are given by the equations 


n—1 __ 

(1) a, a, = 
which are consistent if 

(2) A(A) = a,a,a* a,a,a.—' = 0. 
n—l n—l 
a, 4, a" a, 4, — 


The coefficients of this cubic are invariants of the two curves. 
We shall consider the case where n = 3, and the point and line cubics degen- 
erate respectively into a 3-line and a 3-point. Let the 3-point be 


a,b,c, =90, 
a B.y,=9. 


We shall make use of the following notation : 


and the 3-line 


bac, + b,c, =(be/By), 


* Presented to the Society December 28, 1903. Received for publication June 15, 1903. 
tJournal de Mathématiques, ser. 4, vol. 4 (1886), p. 249. 
{ HILBERT, loc. cit. 
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(be/By) a, (By),, 


2 By),4, = (be), 4, = 
The equation (2) then becomes 
B., 
(3) A(A)=, B,,—» B,, |=0. 
B,, 
This equation may be written in the form 
(4) 


where 


I,= ( B,, B., B,, )s 


B, By 


31 


(be/By) (be/yx) 


= —|aPy|-|abe|- (ea/By) (ca/yx) (ca/a8) =ADN. 


(ab/By) (ab/ya) (ab/aB) 


§ 2. Lnvariants of the connex.* 


The connex set up by the two triangles is 
"; = 0. 
t,Jj 


This gives rise to the two collineations 


and 
n, = >) Bn, 


By taking the triangle of reference as the fixed triangle of Y, it is at once seen 


that FY is the inverse of //. 


*Cf. CLEBSCH, Géométrie, French translation, vol. 1, p. 311ff. 
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Let the reference triangle be now taken as that of the 3-point. Then 
Do (Be, + %; (j#e#L), 


and Y sends the point (1, 0, 0) into (B 
line (1,0,0)if B,, is zero. But 


B,,, B,,). This point lies on the 


11? 


If then J =9, VY sends the 3-point into an inscribed 3-point. Evidently, 
this is also the condition that H sends the 3-line into a circumscribed 3-line. 
Since // is the inverse of Y, it follows that VY and // respectively send the 
3-point and 3-line into inscribed and circumscribed triangles.* A collineation 
whose first invariant vanishes may be said to be normal. 

If J,=0, the sum of the minors of the elements of the principal diagonal 
in the determinant of the connex is zero. The collineations Y and // may then 
be said to be sub-normal. They have respectively the property of sending cer- 
tain triangles into circumscribed and inscribed triangies. It is, however, easy 
to see that neither the 3-point nor the 3-line is such a triangle. 

If J,=0, the determinant of the connex is zero. In this case zero is a root 
of (4), and this value of A, instead of giving a proper fixed point of Y, will 
give a point y, which Y explodes; i. e., which Y sends anywhere. Similarly, 
there is a line », which // explodes. In general, y, and , are not incident 
point and line, and hence may be taken as opposite point and line of the refer- 
ence triangle. Then 

B.=B.=0 (i=1, 2,3). 


The collineation Y sends all points on a line through y, into the same point 
on 7,- Among these lines there are two all points of which will be sent into their 
intersections with 7,. These intersections are then the proper fixed points of 
Y; and the lines joining them to y, are the proper fixed lines of 7. Upon 
taking the two fixed points of Y as the remaining reference points, the collinea- 
tions become 


Evidently then, if Y sends y into y’, 7 sends any line through y’ into the join 
of y and y,. Since J,= ADJ, the collineations may be brought into these 
forms when the 3-point or 3-line degenerates. It may be shown that, if 
A=0,y, is the point in which a, 8 and y meet; and, if D = 0, that y, is 
the line in which a, 6 and ¢ lie. 


* Cf. PascH, Mathematische Annalen, vol. 23 (1884), p. 426. 
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The invariants of the connex yield then the following invariants of the tri- 
angles : 


1(3,8), (6,6), (6,6), A(0,8), D(8,9), 


where the numbers in the parentheses indicate the collective degrees in the 
Roman and Greek letters respectively. 
From these five invariants can be built three absolute invariants, 


N 

Now two triangles have 12 — 8 = 4 absolute invariants. Thus it appears that 
(as we should expect) all invariants of the triangles are not obtainable by a con- 
sideration of the connex alone. 


$3. Special forms taken by the fundamental invariants. 


In order to determine the invariants of the 3-point and 3-line it will be found 
to be convenient to know the forms that J, 7,, AD and NV assume when the 
3-line is taken as the reference triangle and the points } and ¢ of the 3-point as 
the absolute. 

We have for this special case, by direct substitution and reduction, 


=> ¢,4,, 


I, = 16 (2c? — 1) a? + 2(2 — ajay, 
(5) AD=4i a,, 
N = a? —(¢, + ¢,)a,4,, 
ADI, = 48i c,a? + (c, + 


where the c’s are the cotangents of the interior angles of the reference triangle. 


$4. The interchange of the 3-point and 3-line. 


If the vanishing of some invariant J be found to express the condition that 
the 3-point and 3-line have a certain projective property, then the vanishing of 
the invariant formed by substituting in /, for each Roman letter the minor in A 
of the corresponding Greek letter, and for each Greek letter the minor in D of 
the corresponding Roman letter, must express the condition that the meets of 
the 3-line and the joins of the 3-point have the same projective property. The 
algebra involved in making this substitution being extremely long, we shall 


prove one formula only, and in the others merely give the results obtained. 


4 
| 
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By definition 


Lut BB. 
1 
and 
B= DD (be/By) 4,%;. 
Then 


[ + (be/yx)(be/4B) { 4,84, % + } 
+ (ca/By)(ab/By) {b,%,¢,%, + €,4,b, } 
+ (ca/yx)(ab/aB) + Bs } 


+ (ca/a8)(ab/yx) { + ] 


Hence, 


Buy = [be 72) (be]28) ag a, + 0, 
+ bye, + 
+3 { — (86/72) (be/28) 
— (ca/By)( ab /By)b,¢, a — 
— 8,1, })- 


Similarly, we have 


3 


By Ba = ag a, + (ca/By)(ab/By)b, 

+ (ca/y2)( ab + , 
a, — (Be) 2) (be/a8 

— (cu 


We have then 
Dd 4,( bg ¢,—4, ) (bs )— ag (0, ¢, (5, eg 


Let now, 


a, = b,c, — ete. 


Then 


, 
a, = bac, — b, cg. 


¢ 
| 
3 
3 
ae 
| 
; 
: 
| a a 
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Hence, 
(b,¢, — =a, [ 4, (bse, — beg) + ag(b,¢, — b,¢,) + a,(b,¢, — )] 
= ADa, 
Substituting these values in the expression for 7), we have 
a, (be, bg ( bac, b, Cg) — b, b,c, ) 


a,,(b,€, = bac, )] 
= A’ 


By similar caleulation we find the following values for the invariants 
I\, 4’, D’ and N’: 


I, = —}(ADI,—9N), 
A'D' =A°D*, 
(6) 
N’= (ADI, + 3N). 


6 


§ 5. Invariant relations of the 3-point and 3-line. 
We are now in a position to express the conditions for certain invariant rela- 
tions of the 3-point and 3-line. 
I. The 5-point degenerates if D=9. 
II. The 3-line degenerates fA =Q. 
Ill. Let the 3-point be apolar to the 5-line. 
Then a,b, ¢, acting on must be zero. That is, 


3 >» ( be /By) a, = 0. 


The required condition is then J = 0. 

IV. Let the joins of the 3-point be apolar to the meets of the 3-line. 

Then the lines ca and ab are apolar to the polar conic of bc as to the meets 
of the 3-line. That is, if 6 and ¢ are the absolute 7, J and the 3-line the tri- 
angle of reference, the lines ab) and ae are apolar to the maximum inscribed 
ellipse, > &,&,= 0. In other words, the tangents from a to this conic are per- 
pendicular, and hence a lies on the director circle. 

If we define the intermediate of two line conies as the locus of points, a, such 
that the lines of the two conics through them form harmonic pairs, the director 
circle is the intermediate of the ellipse and the absolute. The intermediate * of 
two conics, uz = 0 and v3 = 0, is 


*SALMON, Conic Sections, tenth ed . 306-7. 
pp 


AQ 


4 
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a, a, ‘ 
> ( Uy, — Uy, U3 ) 


v, Us + ( Uy + Uy, Veg )a,a, 0. 


If then 


and vi = (c,+¢,)& — 2¢, 
the director circle becoines 
—2(c,+¢,)a,a,=9. 
From the equations (5) we have 
ADI, —9N = — 96i a? — + ¢,) a,a,. 
The required condition is then 
ADI —-9N=0. 


V. Let there be a point conic circumscribed to 3-point and apolar to the 3- 
line. 
In the special case of §3, the conic becomes the apolar circle, whose equa- 


0. 


ADI, + 3N= 961 ec, 


tion is 


But, from (5), we have 


The required condition is then 
ADI, +3N=0. 


VI. Let there be a line conic touching the joins of the 3-point and apolar 
to the 3-line. 

The equations (6) applied to the invariant V give the required invariant, to 
within powers of A and D, in the form V=0. To determine the proper 
degree we proceed as follows. Let accented Greek letters denote the minors of 
the corresponding letters in A. 

Any line conic apolar to the 3-line is given by 


> m, (4, =0, 
and any line conic inscribed to the 3-point by 
m, b,c, = 0. 


We wish then these two conics to be identical. Upon equating the coeffi- 
cients, we have six homogeneous equations in the six m’s. They are consistent 
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if their determinant vanishes. This determinant is then the invariant we wish 
to find. It is evidently of the sixth degree in the Roman letters and of the 
twelfth in the Greek letters. The required invariant is then 


A? N= 0. 


This invariant may also be easily found directly. In fact, in the special case 
of § 3, we have only to make a the focus of an apolar parabola. The joins of 
the middle points of a triangle are lines of all parabolas apolar to the triangle. 
But a circle, circumscribing a triangle formed by three tangents to a parabola, 
passes through the focus.* 

Then a must lie on the circle passing through the middle points of the sides 


€ 


of the 3-line; i. e., on the Feuerbach circle, whose equation is 


The remaining factor in the invariant is found as before. 

Since the invariant contains the factor A, it can only put two conditions on 
a conic to make it apolar to a degenerate 3-line. This may also be easily shown 
directly. 

VII. Let there be a conic circumscribed to the 3-point and to the 3-line. 

In the case of § 3, the conic becomes the cireumcircle, whose equation is 


> | C, + ) aa, => 0. 
From (5) we have 


ADI, —3N = 961 (c, + ¢,) a, a,. 


This invariant is then a factor in the required condition, which an investigation 
of the degree shows to be 


ADI, —3N)=9. 


VIII. Let there be a conic inscribed to the 3-line and to the 3-point. 
The required condition is found by an interchange of the Greek and Roman 


letters in the preceding condition. It is then 


D*(ADI,—8N)=0. 


If neither the 3-point nor the 3-line degenerates, the conditions VIT and VIII 
are the same. We have then an immediate proof of the well-known theorem + 
that the vertices of two triangles, circumscribed to a conic, lie on a conie. 

IX. Let there be a line conic apolar to the 3-line and to the 3-point. 

The line conic apolar to the 3-point is of the form 


* SALMON, Conic Sections, tenth ed, p 207. 
t SALMON, Conic Sections, tenth el , pp. 320 and 343. 


i 
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> m,(a,)? = 9, 


and a line conic apolar to the 3-line is of the form 


> m,( a, y= 
These conics are identical if 


> m, a,@, = y 
The condition for consistency of these six equations is the vanishing of the same 
determinant as that found in investigating the degree of the invariant VII. 


The required condition is then 
A?(ADI, —3N)=0. 


X. Let there be a point conic apolar to the 3-line and to the 3-point. 
The required invariant condition is found from the preceding by an inter- 
change of the Greek and Roman letters. It is then 


D?(ADI,—3N)=0. 


It is obvious that the substitution (6) applied to IX and X must merely repro- 
duce these conditions. This is at once seen to be the case. 

XI. Let there be a point y such that its polar conic as to the 3-line is apolar 
to the 3-point. 

Referring to § 2, we see that y is exploded by the collineation Y. The con- 
dition that there may be such a point is then 


I,=0. 


XII. Let there be a point y such that its polar conic as to the joints of the 
3-point is apolar to the meets of the 3-line. 

By applying the substitution (6) to the preceding invariant, and investigating 
the degree, we find the required condition in the form 


A? D?(ADI, + 8N)=0. 


XIII. Let the three polar lines, as to the 3-line, of the points of the 3-point, 
tuken two at a time, meet in a point. 


The polar line of b,c, as to the 3-line is 
(be/By) a, = (be), 2, = 0. 
These three lines meet in a point if 
\(be), (ca),, (ab),| = AN = 0. 


This then gives a simple projective definition of the Feuerbach conic of two 
points and a triangle, where we mean by the Feuerbach conic that conie which 


47 
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will project into the Feuerbach circle when the two points are projected into 
the absolute. 

XIV. Let there be a collineation, having the 3-line as its fixed triangle, 
which sends the 3-point into an inscribed 3-point. 

If the 3-line be the triangle of reference, the collineation is of the form 


This collineation sends a into a point on the join of b and c if 
a,k, 


= 


Similarly, the conditions that 4 and ¢ are sent into points on the joins of c and 
a, and a and b respectively are 
> 4, Bk, =9 and de, Ck, =90. 


Adding these three equations, we have, as the condition upon the collineation 


itself, 


Elimination of the /’s gives, as the condition the 3-point must satisfy, 
1 1. 
b,B, b,B, 


a,A, 4a,A, ,4, 


= — b,¢,) [b,¢,(¢,4, — ¢,4,) (4,5, — a,b, ) 
— b,c, (¢,4, — ¢,a,)(a,b, — a,b,) ] 
= 4,(b,¢, — Lar = + 4,4,6, ¢,(b,¢, — 
— a,a,(b5e,c, — b,b,c3) — a,a,(b, b,c} — =9. 


If now 6 and ¢ are sent into the absolute, this equation becomes 


a, [ 2c, ay + ( ¢, )a,a, + (¢, a, a,— (¢, + ¢,)a, a,] 0, 


(a, + 4, + 2c, aj —(¢, + ¢,)a,4, = 0. 
But from the equations (5) we have 


ADI, + 9N = 96> 2c, a? — (c, + ¢,) a,4,. 


is 
2 3 
| 

or 
5 

y 


1904] J. G. HUN: CERTAIN INVARIANTS OF TWO TRIANGLES 


Hence, the required condition is 


D(ADI,+9N)=9. 
The conic 
2c, ay — (¢, + 4,4, = 0 
belongs to the pencil of circles determined by the apolar- and circumcircles. 
Also, it evidently passes through the centroid (1, 1, 1) and orthocentre 
(1/e,,1/e¢,,1/c¢,), and it may be shown that the poijar of the middle point of 
the line joining these two points is the line at infinity. Then, if the 3-point 


does not degenerate, a must lie on the ortho-centroidal circle of the 3-line: i. e., 


on the circle having the join of the orthocentre and centroid as a diameter. 

XV. Let there be u collineation, having the 3-point as fired triangle, which 
sends the 3-line into an inscribed 3-line. 

The required condition may evidently be found by applying the substitution 
(6) to the equation 

D(ADI, + 9N)=09. 
This gives 
A(ADI, + 9N)=9. 

The condition is then, upon neglecting the cases of degenerate 3-line and 3- 
point, the same as that of XIV. Hence we have the theorem: 

If there exists a collineation, having fixed points at a, b and c, which sends 
each of the points A, B and C into a point on the join of the other two, then 
there also exists a collineation, with fired points at A, B and C, which sends 
each of the points a, b and c into a point on the join of the other two.* 

The vanishing of the invariant AD/, + 9.V then expresses the fact that there 
is a mutual relation between the two triangles. The condition that the vanish- 
ing of an invariant express such a relation is that the substitution (6), applied 
to that invariant, shall merely reproduce it. 

We have 


A? 
[(A—8) ADL, + 8(9 42) 


If this is to be identical to 


kA? (ADI, 


we must have A equal to — 3 or 9. Then the only invariants of the pencil the 
vanishing of which express mutual relations are 


ADI,+9N and ADI,—38N. 


The former we have just considered, and the latter is the condition that there 
be a conic circumscribed to the 3-line and to the 3-point. From the substitu- 

*F. MORLEY, Projective Codrdinates, Transactions of the American Mathematical 
Society, vol. 4 (1903), p. 292. 


Trans. Am. Math. Soc. 4 
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tion (6), we also see that the vanishing of the invariant J, expresses a mutual 


relation between the two triangles. 
has not however presented itself. 


An adequate interpretation of this relation 


The results of § 5 may be tabulated as follows: 


The 3-point degenerates, if 
D=0. 

The 3-point is apolar to the 3-line, if 
Lut. 


The meets of the 3-line are apolar 
to the joins of the 3-point, if 


ADI,—9N=0. 


A conic, circumscribed to the 3-point 
and apolar to the 3-line, exists, if 


ADI, +3N=0. 
A point conic, apolar to both the 
3-point and 3-line, exists, if 
DP (ADI,—3N)=0. 


A conic, cireumscribed to both the 
3-point and 3-line, exists if 


ADI,-—3N=0. 
There exists a point, whose polar 
conic as to the 3-line is apolar to the 


3-point, if 
ADN=0. 


The three polar lines, as to the 
3-line, of the points of the 3-point, 


taken two at a time, meet in a point, if 
AN=0. 


There exists a collineation, having 
the 3-point as fixed triangle, which sends 
each meet of the 3-line into a point on 
the opposite line, if 

ADI, +9N=0. 


The 3-line degenerates, if 
A=0. 

The 3-line is apolar to the 3-point, if 


The joins of the 3-point are apolar 
to the meets of the 3-line, if 


ADI, —9N=0. 


A conic, inscribed to the 3-line and 
apolar to the 3-point, exists, if 


ADI,+3N=0. 


A line conic, apolar to both the 
3-line and 3-point, exists, if 


A?(ADI,—8N) =0. 


A conic, inscribed to both 3-line 
and 3-point, exists if 


ADI,—8N=0. 


There exists a line, whose polar 
conic as to the 3-point is apolar to the 
3-line, if 

ADN=90. 


The three polar points, as to the 
3-point, of the lines of the 3-line, 
taken two at a time, lie on a line, if 


DN=9. 


There exists a collineation, having 
the 3-line as fixed triangle, which sends 
each join of the 3-point into a line 
through the opposite point, if 


ADI, +9N=0. 


4 
f 
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There exists a collineation, having There exists a collineation, having 
the meets of the 3-line as fixed points, the joins of the 3-point as fixed lines, 
which sends each point of the 3-point which sends each line of the 3-line into 
into a point on the join of the other a line through the meet of the other 
two, if two, if 


ADI,+9N=0. ADI,+9N=0. 


$6. Two triangles apolar in both ways. 

If the two invariants, ADJ, —3.NV and ADJ, + 3.N, simultaneously vanish, 
the two triangles formed by the 3-point and 3-line are apolar in both ways. 
But, if a@ be considered as the variable point, these invariants represent a cireum- 
conic and an apolar conic of the 3-line, which meet in four points J, J, A, 
and Z. These points pair off into two on the line D and two on the line J, 
the former pair being of course, the points 5 and c, assumed for the moment to 
be J and J. 

If then @ coincides with either AX or Z, it forms with J and J a triangle 
apolar in both ways to that of the 3-line. An interchange of the pairs 7, J and 
K, L merely interchanges the lines Dand J. Then the triangle formed by any 
three of the points J, J, A, Z is apolar in both ways to that of the 3-line 
That is, the points 7, J, A’, Z form a conjugate 4-point of the 3-line.* 

We shall now show that the Feuerbach conic of the 3-line, I and J is identi- 
cal with that of the 3-line, K and L. 

Let a bea point on the line 7, and let b and ¢ be the absolute. Then the 
polar of a as to the 3-line is apolar to the absolute. If a’) denote the point 
where a cuts the line /,, then the polar conic of a’) as to the 3-line breaks up 
into the line « and the perpendicular from the opposite vertex. It follows that 
the polar point of the line J, as to the 3-line is the orthocentre. 

The Feuerbach conic of A, Z and the 3-line may be defined as the conic 
through K, Z and the polar points of the join of A and Z as to the meets of 
the 3-line taken two at atime. This corresponds to the fact that the Feuerbach 
circle passes through the middle points of the sides. But, we have seen that 
the polars of J, as to the meets of the 3-line are the feet of the perpendiculars 
from the vertices of the 3-line. Then, since the Feuerbach circle also passes 
through these points, the two conics have five points in common, and so coincide. 

Hence, the Feuerbach conic of a 3-line and any two points of a conjugate 
4-point is identical with that of the 3-line and the two other points. 


8. An extension of Majcen’s theorem. 


MaJCcEN shows that if we project the points of the triangle ABC, from an 
intersection of the cireumcircle and apolar circle, upon the apolar circle the tri- 


F * CAPORALI, Works, p. 51. 
TG. MAJcEN, Archiv der Mathematik und Physik, ser. 3, vol. 4 (1903), pp. 94, 95. 
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angle so formed A*B* C* will be circumscribed and similar to ABC. In this 
section we shall prove the following extension of this theorem : 

There exists a collineation, leaving fixed three points of a conjugate 4-point 
of a 3-line, which sends the 3-line into a circumscribed, perspective 3-line, the 
center of perspective being the remaining point of the 4-point, and the conic 
through the fixed points and circumscribed to the new 3-line being apolar to 
the original 3-line. 

We shall make use of the system of circular codrdinates. A point of the 
plane will be defined by two tonjugate complex quantities « and x, the real and 
imaginary parts of which are respectively the « and y rectangular Cartesian 
coordinates of the point. In order that « may always define a single point, the 
convention is made that infinity is a point. 

The bilinear substitution 

cx + d 


sends circles into circles, provided that a line be considered as a circle through 
the infinite point. The substitution has, in general, two fixed points. If infin- 
ity be one of. these, the substitution sends circles and lines into circles and lines, 
and is orthomorphic. It is then identical with a collineation having fixed points 
at the absolute. 

Let the meets of the 3-line be the points a,, a,, and a@,, and so take the axes 
and unit of measure that these points lie on the unit circle, and that the Euler 
line of the triangle a is the axis of reals. Further, let s, denote the sum of the 
as i at a time. The orthocenter and centroid are then the points s, and s,/3 
respectively. 

Any substitution, with fixed points at infinity and A, is of the form 


(7) 
If this is to send a, into a point on the join of a, and a,, we must have 
(1+ )[4fa,—A)+ =a,+ ra, 


fora realX. The conjugate of this equation is 


and hence, by addition, 
u(a,— K)a,+ Ka, + a,a,u(1 _ a, + s,K= a,(a,+a,). 
Similarly we have 


u(a,— K)a,+ Ka, + 


/ 
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Hence, by subtraction, 
h(a,+a,—H)+ 
Eliminating from the last two equations first / and then 7, we have 


and 
(8) 
w—l1l 

Hence the condition upon the collineation is that the real part of w is — }. 
The condition upon A is that it must run along the ortho-centroidal circle of the 
triangle a.* 

Since the intersections of the cireum- and apolar circles lie on the ortho-cen- 
troidal circle, there exists a substitution, with fixed points at infinity and either 
of these intersection points, which sends the triangle a into an inscribed triangle. 
The Feuerbach circle also belongs to this pencil, and therefore the points of inter- 
section may be determined from the cireum- and Feuerbach circles. 

The substitution 

sends the points of the triangle each into the middle point of the join of the 
other two, and therefore sends the cireumcircle into the Feuerbach circle. The 
map-equation of the latter is then 


y=—l}(t—s,). 


as ¢ runs along the unit circle. 


If y be also on the cireumcirele, y = 1, and hence the points of intersection 


are found by solving 


We have 


Then 


where 


B=1-8, and — + 8).4 
The points of intersection are then 


*That K must run along the ortho-centroidal circle as / runs along the line — } may be de- 
duced from the results of §5, XIV, or may be easily shown directly. 
} A is real or imaginary according as the points of intersection are real or imaginary. 


53 
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1 
(9) 


If then in the substitution (7) we replace «4 and A by their values found from (8) 
and (9), we shall have a substitution, L, with fixed points at infinity and X, 
which sends the triangle a into an inscribed triangle a’ . 


This substitution is 


, ~B+iA 


The points Z and a, are sent into 


B—2+iA 


Then the three point @,, a}, and L’ lie on a line if 


—B-—2+iA —B+iA 
(1 +A) (a, —8,) + ra, 


<5) 


for a real XA. The conjugate of this equation is 
1 —B-iA 
Eliminating a,, we have 


AB(1— B)(A—2X)=0. 


Then J is real unless B= 0, — 8 or 1. 
If B = 0, the substitution sends all points into infinity. 
If B= — 8, s, is equal to + 3, and the condition that a,, a, and L’ lie on 


a line becomes 


+(1+A)=—}a,+3+ dra, 


which is satisfied if X= 1/2. 

If B=1, s, is zero, and therefore L’ is infinite. 

Then, in all cases, the points a,,a@;,and ZL’ lie on a line. It follows that the 
triangles « and a’ are in perspective, and that the center of perspective is the 
point Z’. The two triangles are also similar since infinity is a fixed point of 
the substitution. 

The inverse substitution 


and 
— B iA 
a= — (a,—8,). 

1 

a, a, 
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sends a into a circumscribed, similar and perspective triangle a’. the center of 
perspective being the point 2. Since L~' sends the cireumcenter, O, into the 
orthocenter, s, and leaves A fixed, it sends the cireumcircle into the apolar 
circle. That is, the cireumcircle of a’ is the apolar circle of a. We have 
then proved the theorem stated at the beginning of this section.* 


JOHNS HOPKINS UNIVERSITY, 
May, 1903. 


* If the conic through the fixed points and circumscribed to a be apolar in both ways to that 
through the fixed points and apolar to a, the triangles a, a’, and a’ form aclosed system. Each 
is circumscribed to and in perspective with the one following. These triangles form a special 
case of the (3, 3), configuration a. See KANnTorR, Uber die Configurationen (3,3) mit den Indices 
8, 9, Wiener Sitzungsberichte, vol. 84, (1881), p. 918. 


ISOTHERMAL SYSTEMS OF GEODESICS” 


BY 


EDWARD KASNER 


The object of this note is to determine the surfaces upon which there exist 
one or more isothermal systems composed of 20' geodesic lines. Such a system 
of geodesics together with the orthogonal trajectories + may be regarded as 
dividing the surface into infinitesimal squares. The solution of the question 


leads in particular to an interesting characteristic property of the surfaces of 


constant curvature. 

Upon any surface of revolution there is certainly one system of the kind 
described, namely, the meridians. The same is true for the surfaces which are 
applicable on a surface of revolution, i. e., for the class of surfaces whose linear 
element may be expressed in the form 
(1) ds* = r(x) (dx? + dy"). 

We now prove the converse result : 

If a surface possesses un isothermal system of geodesics, then it is appli- 
cable on a surface of revolution, the geodesics corresponding to the meridians. 

For assume the system of geodesics to be the parameter lines y = const., and 
the orthogonal trajectories to be the parameter lines » = const.t Then the 
linear element may be written 

= E | y )( dx 
Since the differential equation of the geodesics, 
3 


cy 


is to be satisfied by y = const., i. e., by y’ = 0, it follows that C/’/Cy = 0, and 
hence that ds* is of the form (1) which is characteristic of the class of surfaces 
described in the theorem. 


* Presented to the Society at the Boston meeting, August 31, 1903. Received for publication 
November 4, 1903. 

+ These form a system of (geodesically) parallel curves. The only surfaces which can be 
divided into infinitesimal squares by two systems of geodesics are the developable surfaces. 

t This choice of parameter lines is legitimate, unless the system of geodesics in question is 
one of the systems of minimal lines. This case however is of no interest and is excluded from 
the following discussion. 


ob 
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We proceed now to examine whether more than one system of isothermal 
geodesics can exist upon a surface. It will be convenient to transform the ele- 
ment (1) by introducing the parameters u,v of the minimal lines. The new 
form may be written 
(1°) ds* = 2e’"*" dude. 


The equation of the geodesics is now 


(2) 


where the function g is the negative derivative of the function /, 
g(t) =—f'(t). 

One solution of (2) is evidently v’ = 1 or 

(3) u—v = const., 


which corresponds to the meridians in the case of a surface of revolution. 
Every isothermal system may be assumed in the form 


(4) U, — V, = const., 
where U, is a function of u alone, and V, is a function of » alone. If this i 
to represent geodesics, then 
Vio, 
Dividing * both sides by U\°V;*, this may be written 


(0) 
where U7 and V are defined 


(6) 


Since the partial derivatives 7, and g_ are equal, we find from (5) 
Finally, differentiating both sides with respect to w and v, 

It will be convenient to consider first the case where either UV’ or V' vanishes. 
If for example V’ = 0, then V is a constant. Hence from (5), U is also a 
constant. .If UV and V are equal to the same constant, system (4) is identical 


with system (3), so that no second system of the required kind is obtained. If 
Uand V are different constants, then g = 0; this will be considered later. 


* This is allowable, since neither U, nor V’, can vanish unless (4) represents merely one of 
the minimal systems. 


/ / 
‘ 
1 1 
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We may assume now that neither U’ nor V’ vanishes, and rewrite (8) in 
the form 


(9) V’ =Cc. 
Discussion of (9) fore=9. 
Here we have UU” = V’ = 0, and hence 
(10) V = + bw + 
Substituting these functions in (7), we find that the coefficients must fulfill 


the conditions 

(11) a=b, 4a(a,—b,) =a) — bi. 
Suppose first thata +0. Then 

a; — 
4a 


a,—b,= 


Hence from (5), after some calculation, 


g 2 4a 


Suppose next that a=0. Then from (11) either a,—b,=0 or else 
a,+6,=9. The first relation gives 
V=au+a,, g=0. 
The second relation, on the other hand, gives 
1 u+v a,—b, 
V=au+a,, V=—av+,; 9 + "2a, 


Finally if a, = 0, U and V reduce to constants, a case already considered. 
y 


Discussion of (9) for ¢ + 9. 
The integration of the system (9) gives now 
(12) U=Ac*+ Ae“ 4+ A,, Be? + Be- + B,. 
From (7) we obtain the following conditions on the constants. 
(13) A,=B,, AA,— BB,=9. 


Suppose first that neither A nor B vanishes. Then introducing a constant 


m= A,/B= B,/A, we find 
(14) U = Ae“ + mBe-" + A,, V= Be*+ + A,; 


u 


¢ — m 


3 

3 
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In the second place suppose that one of the constants A, B vanishes while 
the other does not. Assuming for example 4 = 0. B+ 0, it follows from 
(13) that B, = 0. Hence 
Bewro A 
= + A,, V= Be" + A,; j= 


er) 
Finally the supposition that both A and B vanish gives 
A,e“+ A,, V=Bee"+ A,; g=-c. 


Examining all the values of the function g which present themselves, we find 
that they are included in the three types 


2 
t+B° 


where ¢ represents the argument w + v, and a, 8, y andcare constants. From 
(2°) the corresponding types of the function / are 


B, 


Calculating now the Gaussian curvature of the element (1’) by means of the 
formula * AK = —e~‘f”, we find, corresponding to the forms (16), that A’ 
reduces to 0, 2/8, , 2c’y/+¥,, respectively. Thus in every case A is constant, 
and we reach the following conclusion : F 

The only surfaces upon which more than one isothermal system of geo- 
desics can exist are the surfaces of constant (Gaussian) curvature. t 

Conversely, upon any surface of constant curvature there actually exist more 
than one, indeed a double infinity of systems of the kind described. This is 
easily shown directly from the above formulas. It is sufficient to introduce the 
values of g given in (15) into the relation (5), thus determining U, V and hence 
the required systems (4). 


(15) a, 


lo 


(16) —at+a,, log (t 


* This may be derived from the general formula for K given on page 68 of BIANCHI, Differ- 
entialgeometrie, German translation of LUKAT. 

+ [Added December 5]. So far as this theorem is concerned, the analysis on the last two pages 
is obviated by the following simple proof kindly suggested by Dr. L. P. EISENHART. It has 
been seen that when a surface possesses an isothermal system of geodesics its element may be 
reduced tothe form (1). For this K isa function of x alone, so that it is constant along the 
orthogonal trajectories of the geodesics. Now if a second system of the required kind exists, 
K would also be constant along its orthogonal trajectories. It follows that unless K is constant 
over the entire surface, the two systems must coincide. 

The above analysis yields the explicit equations of the ©? systems of geodesics, and proves at 
the same time that the element of a surface of constant curvature referred to any isothermal 
system of geodesics and the orthogonal trajectories takes the form 


ds*? = 2e/\**) (dz? + dy?), 
where f is one of the types (16). 


| 
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The result however may be obtained more simply by making use of the 
known théory of surfaces of constant curvature.* Such a surface can be built 
conformally on the plane in such a manner that its geodesics are pictured by a 
linear two-parameter system of circles, namely, by all the circles orthogonal to a 
base circle of real, imaginary or zero radius according as A is positive, negative 
or zero.} The problem of finding isothermal systems of geodesics on the sur- 
face is thus reduced to the problem of finding isothermal systems of circles con- 
tained in the two-parameter system. It is known however that the only iso- 
thermal systems of circles are the pencils, i. e., the circles passing through a 
pair of real or imaginary points. Such a pencil is contained in the two param- 
eter systems only if the two points are inverse with respect to the base circle. 
The number of pencils is therefore 2*, so that 

Upon any surface of constant curvature there exist «* isothermal systems 
of geodesics. 

For the plane these are of course the pencils of straight lines, including the 
systems of parallel lines.| For the sphere the required systems are the great 
circles through a pair of antipodal points. Finally for the pseudosphere the 
required systems consist of the geodesics passing through any point, including 
as a limiting case the system of meridians, where the point may be conceived of 
as at infinity. 

The investigation leads then to the following clussification of surfaces accord- 
ing to the number of isothermal systems of geodesics existing upon them: 

1°. Surfaces applicable on no surface of revolution ; no system, 2°. Sur- 
Jaces applicable on a surface of revolution, but of variable curvature ; one 
system. 3°. Surfaces of constant curvature ; 2* systems. 

The problem which has been solved is equivalent to the determination of iso- 
thermal systems consisting of (geodesically) parallel curves. For the orthogonal 
trajectories of such a system form an isothermal system of geodesics, and vice 
versa. On the general surface of revolution the only isothermal system of par- 
allels is composed of the circles of latitude. On a surface of constant curvature 
there are 2° systems, namely, the geodesic circles described about any point of the 
surface as center, including the limiting cases where the center may be regarded 
as at infinity. 

COLUMBIA UNIVERSITY, 

October, 1903. 


* The forms derived by DARBoux ( Lecons, vol. 3, p. 219) show that the geodesics through 
any point constitute an isothermal system ; but the converse result does not appear to have been 
noticed. 

t For references see Transactions, vol. 4 (1903), p. 150, note. 

tCf. B. O. Petree, On families of curves which are the lines of certain plane vectors either 
solenoidal or lamellar, Proceedings of the American Academy of Arts and Sciences, 
vol. 38 (1903), p. 673. 
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ZUR GRUPPENTHEORIE MIT ANWENDUNGEN AUF DIE THEORIE 
DER LINEAREN HOMOGENEN DIFFERENTIALGLEICHUNGEN* 


VON 
ALFRED LOEWY 


Es seien 7 lineare homogene Substitutionen A,, A,, ---, A, der Grade 


Nyy Nyy gegeben : 


(A,) wy = aii, 


No 


2%, 


so=1 


"Sar 


Durch Multiplication erhalt man : 


kp 
linker Hand ist dem Index i, jede der Zahlen 1,2, ---, n,, dem Index i, jede 
der Zahlen 1, 2, ---,,, u. s. w., dem Index 7, jede der Zahlen 1, 2, --- n, bei- 
zulegen. Ebenso ist in der Summe rechts fiir /, jede der Zahlen 1, 2, ---,2,, 
fiir k, jede der Zahlen 1, 2, ---, ,, u. s. w., fiir &, jede der Zahlen 1,2, ---, 2, 
Producte 2” 


zu setzen. Die n,n,---n, at?) .-- a” stellen sich offenbar als 
lineare homogene Functionen der n,n, ---», Producte &,-&?)..-& dar. Die 
so entstandene Transformation heisst nach Herrn A. Hurwitz} die Product- 
transformation von A,, A,, ---, A,, und wird mit A, x A, x --- x A, bezeich- 
net. 

Fiir die Producttransformationen gelten folgende leicht beweisbare Siitze. 
Beziiglich der Herleitung vg]. man Hurwitz a. a. O. oder auch C. STepanos,t 


der iiber diesen Gegenstand eingehende Untersuchungen angestellt hat: 


* Presented to the Society at the Boston meeting, August 31—September 1, 1903. Received 
for publication July 1, 1903. 

+A. Hurwitz, Zur Invariantentheorie, Mathematische Annalen, 45 (1894), S. 388. Die 
zu A, X A, gehérige Determinante ist von KRONECKER in seinen Vorlesungen beniitzt worden. 
Vgl. NETTO in der Encyklopiaidie der math. Wiss., Bd. I, S. 40. 

tC. STEPHANOs, Sur une extension du calcul des substitutions linéaires, Journal de mathé- 
matiques, Scr. 5, Bd. 6 (1900), S. 82. STEPHANoOs nennt die fiagliche Operation conjonction. 

61 


(A,) = (ig =1, 2, +--+, me), 
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Sind B,, B,,--- B, r weitere lineare homogene Transformationen, aus denen 
die Producttransformation B, x B,--- x B, gebildet sei, so gilt die Relation : 


(A, x A,x ---x A,)-(B,x B,x--- x B,) 


(1) 
= (A,B, x A,B,x ---x A,B,). 


Die Producttransformation der inversen Transformationen von A,, A,,---, A, 
ist die inverse Transformation der Producttransformation von A,, A,, ---, A,, 
folglich ist : 

(II) (A, x A, x ---x A,)~' = x x ---x Az. 


Durchliuft A, siimtliche Elemente eine Gruppe linearer homogener Substitu- 
tionen, ebenso A, die siimtlichen Elemente einer Gruppe linearer homogener 
Substitutionen, u. s. w., schliesslich A, die siimtlichen Elemente einer Gruppe 
linearer homogener Substitutionen, so bildet die Gesamtheit von linearen 
homogenen Substitutionen A, x A, x --- x A,, welche auf diese Weise ent- 
stehen, auch eine Gruppe. * 

Auf das gruppentheoretische Princip, welches in der Producttransformation 
liegt, hat iibrigens schon Herr C. JORDAN in seinem Traité des substitutions et 
des équations algébriques ¢ hingewiesen. Man kann nimlich auch auf folgende 
Weise zur Producttransformation gelangen: Es sei 


eine Form, die in den + Variablenreihen 2} 


(ig = 1,2, --+, (4, =1,2,---, ,) linear und homogen ist. 


(i, =1l1, 2, Ny )s 


Transformirt man die angegebene Form durch die Substitutionen A,, A,, ---, A, 


in die neue r fach lineare Form: 


so wird: 


1 2) r) 


d. h. aber die n,n, --- , Coefficienten c;,,,,, werden durch A} x A}--- x A} 
transformirt ; dabei bedeuten A;, A} ---, A’ die transponirten Substitutionen 


A,, A,,---,A, 


* Die Producttransformation wird auch in der FROBENIUS’schen Theorie der Composition der 
Charaktere einer endlichen Gruppe verwandt. Vgl. Fropentus, Uber die Composition der Charak- 
tere einer Gruppe, Sitzungsber. der Kgl. preussischen Akademie der Wiss. (1899), 
S. 330; W. BURNSIDE, On the composition of the group-characteristics, Proceedings of the 
London Mathematical Society, vol. 34 (1901), p. 41. 

Ta. a. O., S. 221. 

t Vgl. Hurwitz, a. a. O., S. 394. Siehe auch FRANKLIN, Note on induced linear substitutions, 
American Journal of Mathematics, vol. 16 (1894), p. 206. 
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Ist A eine gegebene lineare homogene Substitution und wird 


gesetzt, also ist A x A x A x --- x A genaur mal zu nehmen, so bezeichne 
ich diese Operation mit Herrn Scnur * als I], A; da fiir 1], A = A 
ist, nehmen wir 7 > 1 an. 

Ist A eine gegebene Substitution : 


(1) 24,6, 


s=1 
so denke man sich, um II, A zu erhalten, die Substitution A in den zweimal 
r Variablensystemen ---, bez. ---, geschrieben : 


Dann wird : 


fiir die Indices i,, i,, ---, 7, linker Hand ist jede der Zahlen 1, 2, -.-, m zu setzen ; 


ebenso ist in der Summe rechter Hand fiir , - --, jede der Zahlen 1, 2, ---, 
zu nehmen. Wir bezeichnen die n’ verschiedenen Producte -- - mit 
X;,;,...;, und analog die n’ Producte &/&?).-.&7) mit = ;,; dann haben wir 


die auf n” Variable sich beziehende Transformation ITA. Sie lautet : 


Ike... ky 


Werden in (2) die oberen Indices 1, 2, ---, 7 bei den x und & fortgelassen, so 
entstehen die Producte «;,7,, ; ihre Anzahl ist bekanntlich ("*7-'), 
nimlich gleich der Zahl, die angiebt, auf wieviele Arten man » Zahlen zu r mit 
Wiederholung combiniren kann. Diese ("*;~') Producte x,,x,,... 2, transfor- 
miren sich linear in die Produete &, &,,---&; 

Die zugehérige lineare Transformation heisse nach Herrn Hurwitz’ + Vor- 
gang die rte Potenztransformation von A und werde mit PA bezeichnet. 
Fiir sie gelten dann die Siitze: Sind A und B zwei Substitutionen, so ist 


P_A-P (AB), ferner ist P, 


te 


*Issar Scnur, Uber eine Klasse von Matricen, die sich einer gegebenen Matrix zuordnen lassen, 
Berliner Dissertation, 1901, S. 20. Mit I], A beschiftigt sich auch W. BURNSIDE’s Arbeit, On 
the characteristic equations of certain linear substitutions, Quarterly Journal of pure and 
applied Mathematics, vol. 32 (1901), p. 80. 

t HuRWITZ, a. a. O., S. 390. 

{Die Litteratur iiber die Potenztransformationen findet man bei I. ScHuR, a. a. O., S. 17. 
Hierzu ist noch beizufiigen: W. BURNSIDE, a. a. O.: G. RApDos, Inducirte lineare Substitutionen, 
Math. u. naturw. Berichte aus Ungarn, Bd. 16 (1898), S, 241. 


4 
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A,=A,=---=A,=A 
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P_A und II, A sind von einander verschieden, ausgenommen fiir n = 1, d. h. 
wenn A eine Substitution in einer einzigen Variablen ist. Dieser triviale Fall 
n=1 soll im Folgenden ausgeschlossen sein. 

Sind 7, /,, ---, 1, irgend unter  einander verschiedene der n Zahlen 
1, 2,---, die in der Reihenfolge /, </,--- <7. gewiihlt sein sollen, so bilde 


man fiir jede mégliche Wahl der Zahlen /,, /,, ---,/, die Determinante : 


(4) 


Solcher Determinanten giebt es ("), nimlich soviele, als man » Zahlen zu r 
verschiedenen combiniren kann. + muss = 7 sein. Transformirt man die 7 
Variablensysteme 2"), ---, cogredient durch die Substitution A nach (1’), 
so erfahren die (") Determinanten 7’,,,._, auch eine lineare Substitution. 
Diese nennt Herr Hurwitz* die rte Determinantentransformation ; sie werde 
nach ihm mit C’ A bezeichnet. Da C, A = A ist, so soll bei CA, fiir welches 
r =n ist, auch r= 1 ausgeschlossen werden. 

Durehliiuft A die Elemente einer Gruppe G linearer homogener Substitu- 
tionen, und bildet man zu jeder Substitution A von G die Substitution I], A, 
so erhiilt man eine zu G isomorphe Gruppe, die mit II G bezeichnet sei. 

Auf gleiche Art und Weise konnen aus G eine Gruppe 7G und eine 
Gruppe CG hergeleitet werden, indem man zu jeder Substitution A von G die 
Substitutionen bez. CA bildet. C_G existirt nur fiir 1 <r =n, wenn 
G eine Gruppe in » Variablen ist. 

H_A soll diejenige Substitution sein, welche durch die zerlegbare Matrix : 


bestimmt ist; fiir 7 = x + 1 ist unter // A einfach PA zu verstehen. //, A, 
das im Folgenden auch verwandt werden wird, soll A sein. Ordnet man einer 
jeden Substitution A einer Gruppe ( linearer homogener Substitutionen die 
Substitution /7A zu, so bildet die Gesamtheit der Substitutionen //,A, welche 


* HURWITZ, a. a. O., S. 392. Die Litteratur itiber die Determinantentransformation ist sehr 
ausgedehnt. Beziiglich der Litteratur sei verwiesen auf VAHLEN, Encyklopidie der math. 
Wiss., Bd. I, S. 594 und Lupw. ScHLESINGER, Handbuch der Theorie der linearen Differential- 
gleichungen, II,, S. VIII ( Zehnter Abschnitt, zweites Capitel). Hierzu ist die von WEIERSTRASS 
stammende in BALTZER’S Determinantentheorie (4. Aufl. 1875), S. 55 iibergegangene Bemerkung 
beizufiigen. Vgl. auch L.E. Dickson, Linear groups with an exposition of the Galois Field theory, 
S. 145 ff. sowie A. Loewy, Uber Differentialgleichungen, die mit ihren adjungirten zu derselben 
Artgehéren, Sitzungsber. der math. phys. Klasse der kgl. bayer. Akademie 
der Wiss. (1902), S. 5. 


(1) (1) 
AZ (2) AZ 
PA 0 
= 
0 CA 
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allen Substitutionen A von G entsprechen, eine zu G isomorphe Gruppe; diese 
sei mit JZ G oder auch mit 
PG 
(5’) 
bezeichnet. 

Im § 1 beweise ich: 

Ist A eine lineare homogene Substitution, so werden bei gegebenem 
r(r>1) gleichzeitig alle Substitutionen I, A, wobei fiir A jede Substitu- 
tion der gleichen Variablenzahl gesetzt werden darf, durch eine und dieselbe 
Substitution S von nicht verschwindender Determinante in die Form: 

(6) ST AS" = 


A,, 

iibergefiihrt ; A,, und A,, bedeuten dabei Matrices von — (7) — ("7") 
Zeilen. Die besondere Einfiihrung der Potenz- und Determinantentransfor- 
mation ist also entbehrlich. Potenz- und Determinantentransformation treten 
auch bei der Producttransformation auf. 

Ist G irgend eine Gruppe einer endlichen oder unendlichen Anzahl linearer 
homogener Substitutionen, so ist die zugehirige Gruppe I1,G, da alle ihre 
Substitutionen gleichzeitig durch eine und dieselbe Substitution in die Form 
(6) yebracht werden kinnen, reducibel, und 11,G kann so transformirt werden 
dass als einer der Bestandteile oder eine der Teilgruppen die Gruppe H,.G 
erscheint. 

Im §2 leite ich den Satz her, dass, wenn r= 7,+7,--- + 7, irgend eine Zer- 
legung der ganzen positiven Zahl r in ganzzahlige positive Summanden bedeu- 
tet, die Gruppe II, G auch so transformirt werden kann, dass die Gruppe 
H,,G x H,,G x --- x H,,G als ein Bestandteil oder eine Teilgruppe von IG 


erscheint; alle Substitutionen I], A von II, lassen sich namlich gleichzeitig 


durch dieselbe Matrix von nicht verschwindender Determinante in die Form: 


H,AxH,Ax---x H,A 0 


Ly, Ly» 

bringen.* Aus diesem Satze kann ferner geschlossen werden, das II, G auch 

stets einer zerlegbaren oder zerfallenden Gruppe ihnlich ist. 

Im $3 werden die vorstehenden Resultate auf die Theorie der linearen 
homogenen Differentialgleichungen angewandt; hierdurch gelangt man zu 
Resolventen einer linearen homogenen Differentialgleichung, die ebenfalls 
linear und homogen sind. Die Substitutionen CA ergeben Differentiaiglei- 


* Man beachte, dass im allgemeinen H,A von H,r,A X Hr,AX-::+X Hr,A verschieden 
ist ; denn beide Substitutionen haben im allgemeinen verschiedene Variablenzahl. 


Trans. Am. Math. Soc. 5 
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chungen, welche die in Herrn Lupw. Scnvestncer’s //andbuch * nach Herrn 
Forsytu ¢ sogenannten associerten Differentialgleichungen einer linearen homo- 
genen Differentialgleichung umfassen. Neben diese linearen homogenen Differ- 
entialgleichungen treten noch weitere Gattungen linearer homogener Differential- 
gleichungen, die zu einer vorgelegten linearen homogenen Differentialgleichung 
gehoren und den Operationen II, A bez. PA entsprechen. 


1. 


Die Substitution I], A, mit der wir uns beschiiftigen wollen, lautet nach (38) : 


Iyke... ky 
ini ---¢, die Anzahl der verschiedenen Permutationen der r Zahlen 
i,, i,, +++, %, bedeuten. Sind unter den r Zahlen i,, i,, --- i,, die samtlich den 
n Zahlen 1, 2, ---, m entstammen, 7, unter einander gleich einer und derselben 


Es 


Zahl, r, gleich einer zweiten Zahl, u. s. w., so ist 


Wir setzen : 
(8) 


Die Summe rechts soll alle Summanden umfassen, die erhalten werden, indem 
man die Zahlen i,, i,, ---, i, alle ihre verschiedenen Permutationen annehmen 


lasst. 


enthilt mithin C,, Glieder. Unter einander verschiedene Grossen 
giebt es soviele, wie n Zahlen zu r, wobei auch die r Elemente mehrfach auftre- 
ten, ohne Riicksichtnahme auf die Reihenfolge, verbunden werden kénnen 
(Combinationen mit Wiederholung ), also 


_(n+r—1)! 


Analog zu (8) setzen wir: 


* Lupw. SCHLESINGER, Handbuch der Theorie der linearen Differentialgleichungen ( 1897), Leip- 
zig, II,, 127. 
+ Royal Society Transactions, vol. 179 (1888), p. 424. 


r! 
ijig...i 
j 
thts i 
| 
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Aus (3) und (8) folgt: 
> * * Vis k 
9 r _ ... &, 
(9) 


t 


In (9) hat die Variable =... ,, den Factor: 


(10) 


dabei ist i,, i,,---, ¢, durch die Zeile in (9) bestimmt, aus der =,,. ,, 
genommen wurde. Bedeutet k,,---, eine Permutation der Zahlen 
k,, k,,--+,&,, so hat die aus derselben Zeile in (9) wie Z,,. ,, entnom- 
mene Variable den Factor : 


t, 
C. 


ijiz2... ty 


Die Bezeichnung > 


isin...c, 18t in (10) und (11) so zu verstehen, dass die r 
Zahlen i,,i,,---, i, alle ihre C,,,,.; verschiedenen Permutationen annehmen 


sollen. Da ki, ki,---, & nur eine Permutation der Zahlen ---, k, 
vorstellt, so kann der Zahler 


in (11) so angeordnet werden, dass in jedem Summanden der zweite Index des 
ersten Factors k,, des zweiten Factors k,, u. s. w., des letzten Factors schliess- 
lich &, lautet. Da sich in (10) und (11) >;,,...;, nur auf i,, i,, ---, ¢, bezieht 
und alle verschiedenen Permutationen der 7 Zahlen i,, i,,---, i, zu beniitzen 
sind, so ersieht man, dass (10) und (11) gleich sind. In (9) haben daher alle =, 
die aus einem &,,,.,, durch Permutation der Indices &,, k,,---, k, her- 
vorgehen und derselben Zeile in (9) angehoren, denselben Factor, niimlich : 


wir bezeichnen diesen Factor mit 


(12) 


ite. .. 


Bei fest gegebenem i,, i,, ---, i, aindert sich 5/\":--;* nicht, wenn die oberen 
Indices k,, k,, ---, &. permutirt werden. Unter Beachtung von (12) wird (9 
2 r 
iibergehen in : 


= 
= 
+++ by 
| 
4 
| > Dink, Vigk, 
tic... i, 
C, 
i, 
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Betrachtet man und die durch Permutation der k,, k,, ---, k, 


hieraus hervorgehenden Grossen, so bezeichnen wir die Summe aus diesen 
Summanden mit 


Die Factor dieses Aggregats 
ky 


2--.*» sich bei den Permutationen 


der oberen Indices nicht zu iindern, b/--;*°. Daher lisst sich (13) auch 


schreiben: 


Din... 2, heisst, man soll in der zu bildenden Summe den +--+, &, nur 
(“*7-1) Wertecombinationen beilegen, indem man fiir k,, ---, ki immer 7? 
ii n Zahlen 1, 2, ---, ohne Beriicksichtigung der Reihenfolge setzt, dabei 
konnen die 7 Zahlen auch mehrfach auftreten. (Combinationen von » Zahlen 
zu r mit Wiederholung.) Durch (8’) geht (14) iiber in 
kiko... ky 

Wir behaupten, (15) ist die rte Potenztransformation P_A der Substitution 
A. Um zur rten Potenztransformation von A zu gelangen, sind in (2) die 
oberen Indices 1, 2, ---, 7 bei x und & fortzulassen, es sind siir die rte Potenz- 
und =, unabhiingig von der Reihen- 


transformation also in (3) i, 
folge der Indices anzunehmen. Bei in qeucidlen Annahme wird nach (8 ) 
und (8°): 


und 


Die Potenztransformation PA ergiebt sich daher aus (14), wenn man 


Fiir die Potenztransformation ist =,.,,._,, unabhangig von der Reihenfolge 
seiner Indices; daher ist 


kyko...h 


fiir die Potenztransformation eine Summe von C’,,,, _,. gleichen Summanden 


= 


ike... i 
.-.. 
lautet in (13) wegen der Eigenschaft von )) 
j 
| 
Formel (16) geht iiber in: 
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Formel (17) liefert PA; bis auf die Variablenbezeichnung ist aber (17 ) 
mit der Formel (15) identisch. Hiermit ist der Beweis geleistet. 
Wir setzen ferner : 


Die Summe 


soll alle Summanden umfassen, die man erhiilt, wenn man die Zahlen /,, 7,, -- -, 7, 
auf jede Art permutirt. Die Zahlen /,,/,, ---, 7, sollen hierbei unter einan- 
der verschiedene der Zahlen 1, 2, ---, sein und zwar sollen die Ausgangs- 
zahlen stets in natiirlicher Reihenfolge 7, </, <1 gewahlt werden, so 
dass bei die Indices in natiirlicher Reihenfolge stehen. hat 
nur eine Bedeutung fiir r = n; den Fall r = 1 schliessen wir auch aus, da wir 
dann die Substitution A selbst haben wiirden. Verschiedene Grossen 7), , 
giebt es (7) entsprechend der Anzahl der Combinationen von n Zahlen zu r 
ohne Wiederholungen. © Schliesslich bedeutet ¢,,, die positive Einheit, 
wenn die Indices /,, /,, ---, 7, bei dem zugehorigen X,,,_., eine gerade Anzahl 
von Inversionen aufweisen; weisen die Indices 7,, /,,---, 7, eine ungerade 
Anzahl von Inversionen auf, so soll ¢,,,__, die negative Einheit sein. 
Genau analog zu (18) fiihren wir ein: 


(18 ) = > hl... 
Setzt man in (18) fiir seinen urspriinglichen Wert - x?) - so 
wird: 


Wendet man auf die rechte Seite von (18) die Transformation (3) an, so ist 
dies gleichbedeutend, als ob man in (19) die » durch die & transformirt. Thut 
man dies, so wird aus (19) erhalten : 


| s=n s=n s=n 
s=1 é=1 &=1 

| e=l s=1 s=1 

| 
&=n 
s=1 s=l 


| 
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Nach einem bekannten Determinantensatz kann Formel (20) auch geschrie- 
ben werden : 


Die Summe rechter Hand ist iiber alle Producte zu erstrecken, die erhalten 
werden, wenn man s,, 8,,---, 8, auf jede Art unter den Zahlen 1, 2, ---, x 
auswihlt. s,<s,<s,---<s. Beachtet man den Wert von 7%, , nach 
(18’), so wird (21): 


iv) 


Die Transformation (22) ist aber nichts anderes als die rte Determinanten- 
transformation CA der Substitution A; denn die Gréssen 7,,,__, sind infolge 
von (19) (vgl. 4) die Variablen der Substitution CA. 

Die ("**~-') Variablen Y;,,,,.;, und die (?) Variablen 7;,,,_,, die wir nach 
(8) und (18) als lineare Combinationen mit constanten Coefficienten aus den 
Variablen X;,,,, ___;, einfiihrten, sind linear unabhingig ; denn eine jede lineare 
Relation zwischen diesen Gréssen wiirde sofort eine solche zwischen den linear 
unabhingigen X;,,,;, zur Folge haben. 

Wir ergiinzen die Gleichungen (8) und (18) noch durch Einfiihrung von 
n’ —(")—("*"%-!) Variablen U, die beliebige lineare homogene Functionen 
der x” Variablen X,,,_;, mit constanten Coefficienten sind und nur so gewahlt 
seien, dass zwischen J’, ,, T,,,....., und den U keine lineare homogene Rela- 
tion mit constanten Coefficienten entsteht ; hierdurch erhalt man eine Substitu- 
tion Sinn’ Variablen. S fiihrt A in die ahnliche Transformation STI, 
iiber, so dass die ersten (***7~') Variablen sich nach der rten Potenztransfor- 
mation PA und die folgenden (*) Variablen nach C_A transformiren. Fiihrt 


man /7 A nach (5) ein, so wird: 


H,A 9 
(vgl. 6) STI, AS = 
n Ay 

A,, und A,, bedeuten hierbei Matrices von n’ — ("*7~') —(}) Zeilen und 
+ bez. — — (7) Colonnen. 

Fiir > n ist (") =O0und HA =P, A. 

Die Substitution S hingt nicht von der speciellen Wahl der Substitution A 
ab; sie ist nur durch r und die Variablenzahl von A bedingt. Durchlauft A 
die Substitutionen irgend einer Gruppe G linearer homogener Substitutionen, 


| 
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so existirt also eine feste Matrix S von nicht verschwindender Determinante, 
dass siimtliche Substitutionen der zu II, G aihnlichen Gruppe SII, G S~' von 
der Form (6) werden. 

Die Gruppe STI, G S-', wobei S eine feste Matrix ist, hat die Form : 


HG 0 
G, 


21 


Die Gruppe II, G ist also reducibel und weist die fiir 1 <r = n zerlegbare 
Gruppe H, G als einen ihrer Bestandtheile auf. Hiermit ist der in der Ein- 
leitung p. 65 angefiihrte Satz vollig bewiesen. 

Fiir r = 2 ist n’ —(") — ("*7-') = 0, daher wird fiir r = 2: 


Pas 
SI,AS'*=H,A= 
0 C,A 
Die Gruppe 11,G ist in die zerlegbare Gruppe 
P,G 9 
0 C,G 
transformirbar. 
§ 2. 


Die positive ganze Zahl + sei auf irgend welche Artinry=7,+7,+---+7,, 
wobei 7,, 7,, ---, 7, lauter positive ganze Zahlen bedeuten, zerlegt. Dann ist 
A =II,A x Il, Ax ---x II, A; ist eine der Zahlen r, (e = 1,2,---, 7) 
gleich 1, so setzen wir das entsprechende II, A einfach gleich A. 

Bedeutet ¢ irgend eine der Zahlen 1, 2, ---, f, so giebt es nach den Resulta- 
ten des $1 eine Substitution S, von nicht verschwindender Determinante, dass : 


ff, A 0 
(23) = ( ) (e=1,2,--,f) 


At 
Ay, 4232 


wird; dabei sind A‘) und A‘) Matrices von n™ — Zeilen. Nach 
der mit ( 7) bezeichneten Eigenschaft der Producttransformation (vgl. S. 61) ist : 


(24) (S,x S.x S,)(II,, Ax Ax x Sy! x x 

= §,II,, x S8,0,, A Sz" x x 

Nach der mit (77) bezeichneten Eigenschaft der Producttransformation ist , 
x =(S, x S, Sy, 


* Dieses Resultat ist auch aus einer Arbeit von IGEL, Zur Theorie der Determinanten, Monats- 
hefte fiir Mathematik und Physik, Bd. 3 (1892), S. 59, zu entnehmen. 


/ 

| 
| 
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mithin wird (24), wenn man noch fiir: 


0,4 
setzt : 
or (S, x S, A(S, S, 4 Ss 
(<9) 
= AS?" x S, A > 4 


Sind A und BP irgend welche Matrices der besonderen Form : 
und 


so sieht man unmittelbar, dass : 


{ RB x B,, 0 
AX bD= 


wird: die Matrices Z,, und Z,, sind iibrigens auch Jeicht zu bilden. Beniitzt 
man diese Bemerkung, so wird vermdge (23) die rechte Seite von (25) gleich ' 
der Matrix: 


Ax H,A 90 
L 


21 


(26) 


Die in (25) auftretenden S,, S,, ---, S, hiingen nur von der Variablenzahl 
der Substitution A und den positiven Zahlen M575 ++, 7, ab; sie sind nicht 
durch die besonderen Werte der Coefficienten des A bedingt, hieraus folgt : 
Durchliuft A irgend eine Gruppe G linearer homogener Substitutionen in 
n Variablen, und bildet man zu jeder Substitution A von G die zugehirige 
Substitution 11, A von I1,G, so sind alle Substitutionen von 11,G durch eine 
und dieselbe Substitution in die Form (26) iiberfiihrbar. Die Gruppe 11.G 
ist also reducibel und weist x H,,Gx ---x H,G@ als Bestandteil 
oder Teilgruppe auf ; dabei ist der Substitution 11, A von Il G@ die Substitu- 
tion H, Ax H,Ax---x H,A von HG 


ordnet. 


Dieser Satz enthalt den des $1 als Specialfall, wie sich ergiebt, wenn man 


wahlt. 
Bildet man das Product der zwei zerfallenden Matrices : 


A, 0 B, 0 
(; 4) 


so wird dieses : 


x 
Hd 


(27) 


| 0 0 A,, x B,, 0 
| 


Oo 
x 
es) 


| 

- 
| 
0 0 0 | 
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ferner ist das Product einer zerfallenden Matrix in eine nicht zerfallende : 


A, 9 Axe 0 
Schliesst man r, = 7, = ---7, = 1 oder siimtliche Zahlen r,, 7,, ---, 7, gleich- 
zeitig grosser als n aus, so ist x x x nach (5) ein Produet 


von Gruppen, von denen wenigstens eine zerfiillt. Beachtet man (27) und (28), 
so erhalt man das Resultat : 

H,Gx x H,G ist, wenn die zwei Faller, 
und r, > n gleichzeitig r,>n, +++, 7, >> n ausgeschlossen werden, eine 
zerfallende Gruppe. In der Diagonale treten bei HG x HG 
nur die Gruppen K,G x K,,Gx auf, wobei fiir sowohl P 
wie C zu wihlen sind. K,G ist einfach G, bei KG ist fiir r,=n +1 nur 
P,.G setzen. 


Mit Hiilfe dieses Satzes beweisen wir, dass I] G auch stets einer zerfallenden 


Gruppe abnlich ist. Wahlt man nimlich 7, = 7, = ---= r_, = 2 und 
r, = 1 oder 2, je nachdem ¢ eine ungerade oder gerade Zahl ist, so besitzen fiir 


diese besondere Wahl der Zahlen 7,, ---, 7”, die Substitutionen und 
H, Ax H,, Ax H,A gleichviel Variablen. ist niimlich eine 
Matrix von 

n(n+1) n(n—1) 


2 = 


Variablen, //7, A ist fiir 7. = 1 mit A identisch. Fiir die angegebene 
Wahl der Zahlen r,, 7,, ---, 7, wird die rechte Seite von (26) einfach 
H,, A x H,, A x ferner zerfallt H,,G x H,,G x H,,G nach 
dem zuletzt bewiesenen Satze. Wir haben daher das Resultat : . 

Ist r eine gerade Zahl, so ist I1,@ zu der zerfallenden Gruppe 
H,G x H,G x --» x H,G ihnlich ; ist r eine ungerade Zahl, so ist 11,G zu 
der zerfallenden Gruppe H,G x H,@ x .-.-x H,G x G@ adhulich. Im 
ersten Falle entspricht der Substitution die Substitution 
H,A x H,A x --- x H,A, im zweiten Falle die Substitution 
H,Ax H,Ax.--x H,A x A. 


3. 


Es sei eine lineare homogene Differentialgleichung : 


(D) + p,(t) +p,(t)x=0 


gegeben ; der Einfachheit wegen nehmen wir an, dass p,(t), p,(t), +++, p, (¢) 
rationale Functionen von ¢ sind. 


| 

| 

| 
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Wir verwenden die folgenden Hiilfssiitze : 

I. Seien x,, ein Fundamentalsystem von Integralen von (2) und 
Nos Yationale Differentialfunctionen von x,, 7,,---, x, (d. h. rationale 
Functionen von x,,---, 2, und deren Abgeleiteten mit rationalen Coeffi- 
cienten), die bei jeder linearen homogenen Transformation der x,, %,, ---, 2, 
sich ebenfalls linear homogen mit constanten Coefficienten transformiren, so 
sind, falls zwischen den m Functionen 7,, 7,, ---, 7,,, welele Functionen von ¢ 
sind, keine lineare homogene Relation mit constanten, also von ¢ unabhiingigen 
Coefficienten besteht, die Functionen 7,, 7,, ---, 7,, die Elemente eines Funda- 
mentalsystemes einer linearen homogenen Differentialgleichung mter Ordnung 
mit rationalen Coefficienten; bestehen zwischen »,, 7,, ---, 7,, # = 1 lineare 
homogene, linear unabhiingige Relationen mit constanten, also von ¢ unabhiingi- 
gen Coefficienten, so bilden m— mw der Functionen 7,, 7,, ---, 7,, ein Funda- 
mentalsystem von Integralen einer linearen homogenen Differentialgleichung 
m — pter Ordnung mit rationalen Coefficienten. 

Zwischen 7,, 7,, 7, mogen = 1 linear unabhiingige, lineare homogene 
Relationen mit von ¢ unabhingigen, also constanten Coefficienten bestehen. 
Sie mogen lauten : 


= + + °° = 0, 


Cy =IJuim t + Jun, = 9- 


Damit die erste Relation eine wirkliche Relation ist, wird in ihr sicher 
wenigstens eines der 7 einen von 0 verschiedenen Coefficienten haben. Wir 
kénnen uns daher, die Functionen 7,, 7,, ---, 7, 80 bezeichnet denken, dass 
9 wird. Wir bilden dann: 


Keine der Functionen v,, v;, ---, v,, enthiilt daher werden diese Func- 
tionen von der Form : 


wobei die g’ Constante sind. 

Wegen der linearen Unabhingigkeit von v,,v,, ---,v, konnen ---,%, 
nicht identisch verschwinden ; jede dieser Functionen enthilt daher wenigstens 
ein 7 mit von Null verschiedenem Coefficienten. Wir denken uns daher die 


geyebenen Functionen 7 so bezeichnet, dass der Coefficient g),_, von 7,_, in v, 


2m—-1 


7 
4 
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von Null verschieden ist. v,, v,, ---, 7, sind linear unabhingig; denn ange- 
nommen, es giibe Constante ¢,, o,, ---, ¢,, welche nicht siimtlich Null sind, dass : 


39° 
o,v, + +---+ 0, = 0 wird, so wiirde eine Relation : 
(FJ om + + Jum)” — Us — Fu = 0 


folgen. Dag, + 0 ist, so wiirden auch v,, v,,---, v, in linearer Dependenz 
stehen, also v, = 0, v, = 0, ---, v, = 0 im Gegensatz zur Voraussetzung nicht 
» linear unabhiingige Relationen darstellen. Die « Functionen v,, v,,v,,---v, 
sind auch linear unabhingig; denn v, enthalt 7, das in v,, v,, ---, v, nicht 


auftritt, ferner sind v,, v,, ---, v; linear unabhingig. Leitet man aus 
Usa Use 


so erhalt man von 7, _, freie Functionen. 

Fahrt man auf diese Art fort, so ergiebt sich: Man kann die m Functionen 
zwischen denen pw linear unabhingige, lineare homogene Rela- 
tionen mit constanten Coefficienten bestehen, so angeordnet denken, dass diese 
Relationen lauten : 


Us = M2 FI 3m—2n—2 = 0, 
= + Gite + - F = 0. 

Dabei sind die Constanten von Null ver- 
schieden. Aus diesen Gleichungen kann man daher Mm 
der Form 


(c) = Cy + Coo No Com—y 


finden, wobei die c Constante bedeuten; da nur y» Relationen bestehen sollen, 
so sind 7,,7,, linear unabhingig. Die gegebenen m rationalen Dif- 
ferentialfunctionen 7,, 7,, ---, 7,,, zwischen denen linear unabhiingige Rela- 
tionen bestehen, seien so angeordnet, dass 7,, 7,,---, 7,,_, linear unabhangig 
sind und die « Relationen in Form der Gleichungen (c) gegeben seien. Wegen 
der linearen Unabhiingigkeit von 7,, 7,,---, ,_, Vverschwindet die Wron- 
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skische Determinante dieser Grissen, die wir mit A bezeichnen, nicht. Wir 


bilden dann: 


dn d”-* n 
dt d® dt"-« 

dn, dn, d™-*», 


Entwickelt man linker Hand nach den Elementen der ersten Zeile der im 
Zihler stehenden Determinante, so wird man auf die lineare homogene Diffe- 
rentialgleichung : 
d™-* n dn 

+ (—1)""* = 9, 


m — pter Ordnung in 7 gefiihrt ; dabei sind ¢,,¢,,---,¢,,_,, Determinantenquo- 


tienten. Betrachten wir z. B. 


dn, d dn, UP 
= dt dt’ I dt 


Transformirt man 2,, x,, ---,«, linear homogen mit constanten Coefficienten, 
so sollen sich nach Voraussetzung auch 7,, 7,, ---, 7,, linear homogen mit con- 
stanten Coefficienten transformiren. Moge bei einer linearen homogenen 


Transformation der x,,2,,---, sich 7, in 
bam + + + (i=1, 2,---, m) 


transformiren, dann transformiren sich die Abgeleiteten von 7,, 7,, ---, 7,, 
cogredient mit 7,,7,,---,7,- Darf man die Relationen (c) beniitzen, so ver- 
halten sich ,, ,, ---, 7,,_, auf folgende Art; es geht 7, iiber in 


bi”, + bi. _ 


-1 
| 
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Hierbei ist : 
(i=1, 2,---m—p; k=—1, 2,---,m—n). 
Da fiir die Abgeleiteten von 7,, 7,, ---, 7,, auch die Relationen (c) bestehen, 
so transformiren sich die Abgeleiteten von 7,, 7,, ---, 7,,_,, auch noch in die- 
sem Falle cogredient zu 7, , 1,5 
Bei einer jeden linearen homogenen Transformation der x,, x,, ---, x,, welche 
eine solche der 7,, 7,, ---, 7,, nach sich zieht und bei der auch die Relationen 
(c) verwandt werden diirfen, multiplicirt sich Ziihler und Nenner rechter Hand 
mit demselben Factor, nimlich der Determinante | 


m— 


bei 
die rechte Seite von g,_,, iindert sich also nicht. Untersucht man das Verhal- 
ten irgend einer rationalen Differentialfunction des Fundamentalsystemes 
2,5 +++, beziiglich der Transformationen der Rationalitiatsgruppe von ( D ), 
so hat man nur zu achten, wie diese rationale Differentialfunction sich als 
Function der unabhiingigen Variablen ¢ bei den Transformationen der Rationali- 
tiitsgruppe verhilt. Es handelt sich also bei Anwendung der Picard-Vessiot- 
schen Theorie nie um formale Invarianz. Untersucht man daher die rechte 
Seite von , welche auch eine rationale Differentialfunction von ---, 2, 
ist, weil die » nach Annahme rationale Differentialfunctionen von 2,, x,, ---, 2, 
sein sollen, so kénnen fiir die Betrachtung der A nderungen, welche die rechte 
Seite von g,_, durch die Transformationen der Rationalitiitsgruppe von (D ) 
erfiihrt, die Relationen (c) verwandt werden. Beniitzt man aber die Relationen 
(c), so iindert sich nach dem Voraufgehenden die rechte Seite von g,_,, bei 
keiner linearen homogenen Transformation der «, also auch nicht bei denjenigen 
der Rationalititsgruppe von (J) und bleibt daher bei diesen Transformationen 
dieselbe Function von ¢; folglich ist nach dem bekannten Picard-Vessiotschen 
Furdamentalsatz * q,_,, eine rationale Function von ¢. Ebenso zeigt man, dass 
Yoo ** Fationale Functionen von ¢ sind, 

Sollte zwischen »,, 7,,---, 7,, keine lineare homogene Relation mit constan- 
ten Coefficienten stattfinden, so folgt der zu beweisende Satz schon ohne Ver- 
wendung der Rationalititsgruppe aus dem bekannten Satze des Herrn APPELL + 
 *Vgi. PrcarD, Traité d’analyse, t. 3, S. 537, Paris, 1896. 

7 Vgl. APPELL, Mémoire sur les équations différentielles linéaires, Annales de 1’école nor- 
male supérieure, ser. 2, t. 10 (1881), p. 408; siehe auch E. BEKE, Die symmetrischen Func- 
tionen bei den linearen homogenen Differentialgleichungen, Math. Annalen, Bd. 45 (1894), S. 295. 
Die Untersuchungen von Herrn APPELL setzen lineare Unabhiingigkeit von 71, 772, ---, %m voraus. 


Bei linearer Abhiingigkeit der 71, 72, +++, %m verschwindet nicht nur die Wronskische Determi- 
nante der genannten Functionen, sondern auch jede Determinante : 


Ay) A (Ay) 

Ae) Az) 

A Am) (Am 

& % 

wobei 70” = darn; /dt ist, und 21, 72, --+, 2m irgend m positive ganze Zahlen bedeuten. 
i ’ ’ ’ £ 


| 
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iiber die invarianten Functionen einer linearen homogenen Differentialgleichung. 
(Il). Sind ¢, ¢,---,&, m weitere rationale Differentialfunctionen von 
°°", @,, die sich bei siimtlichen linearen homogenen Transformationen 


von 2%, %, cogredient zu 7,, 7,, ---, ,, transformiren, und sind 
+++, nicht in linearer Dependenz, so besteht ein System von Glei- 


chungen : 


1g. 4 
n, = d,(t)&+d,(t) +---+d_(t) (i=1,2,---,m), 


dabei bedeuten d,(t), d,(t), ---, d,,_, (¢) rationale Functionen von ¢. 

Die lineare homogene Differentialgleichung mit rationalen Coefficienten, 
welche die Functionen 7 zu Integralen hat, ist also mit der linearen homogener: 
Differentialgleichung mit rationalen Coefficienten, welche die Functionen ¢ zu 
Integralen hat, von derselben Art. * 

Der eben angegebene Satz (II) ist eine unmittelbare Folge des schon 
erwihnten Theoremes von Herrn APPELL; denn d, (t) (& = 0,1, 2, ---,m—1) 
ist als Quotient A,/A zweier Determinanten darstellbar ; dieser Quotient bleibt 
bei allen linearen homogenen Transformationen der x,, 7,, ---, “, formal unge- 
iindert, da sich »,,7,,---, 7, und ¢,¢,,---,¢, stets cogredient transformi- 
ren und A, wie A sich daher mit demselben Factor multipliciren. A ist als 
Wronskische Determinante der linear unabhiingigen Functionen ¢,, ¢,, ---, ¢,, 
von Null verschieden. 

Die Anwendung der zwei Hiilfssiitze liefert die folgenden Theoreme : 

Bildet man sich die n’ Functionen : 


Al Ary Ary 
dt™ dt® at ° 


wobei A, irgend r feste, verschiedene ganze positive Zahlen sind, 
i,, %,,+--,%, jede der Zahlen 1, 2, ---, n bedeuten, x,,x,, ---, x, ein Funda- 
mentalsystem von Integralen einer linearen homogenen Differentialgleichung 
(D) nter Ordnung mit rationalen Coefficienten sind, so stellen die linear 
unabhingigen unter den n’ Functionen X**:-;* ein Fundamentalsystem von 
Integralen einer linearen homogenen Differentialgleichung der Ordnung =n’ 
mit ebenfalls rationalen Coefficienten dar. Diese Differentialgleichung sei 
mit (D) = 0 bezeichnet. Betrachtet man die unendliche Anzahl 
dieser linearen homogenen Differentialgleichungen YI**-::* (D) = 0, welche 
zu der linearen homogenen Differentialgleichung D = 0 gehéren und den ver- 
schiedenen moglichen Werten siir die unter einander verschiedenen ganzen 
positiven Zahlen X,,r,,---, %, entsprechen, so ist jede dieser Differential- 


*Vgl. meine Arbeit, Uber reducible lineare homogene Differentialgleichungen in den Mathe- 
matischen Annalen, Bd. 56 (1903), S. 554. 


— 


1904] UND THEORIE DER LINEAREN DIFFERENTIALGLEICHUNGEN 79 


gleichungen I1**:--* (D) = 0 mit einer jeden unter denselben, deren Ordnung 
wirklich die Marimalzahl n’ erreicht, von derselben Art. 
Bildet man sich in Analogie mit (8) aus den n' Functionen X*®- >> die 


("*7-1) Functionen : 
tig... 8 


so stellen die linear unabhingigen derselben ein Fundamentalsystem von Inte- 
gralen einer linearen homogenen Differentialgleichung mit rationalen Coeffi- 
cienten der Ordnung =("*"-') dar. Diese Differentialgleichung sei mit 
= 0 bezeichnet. 

* Jede der unendlich vielen linearen homogenen Differentialgleichungen 
Pwr (DP) =0, die man zu der Differentialgleichung D = 0 bilden kann, 
ist mit jeder Differentialgleichung = 0, deren Ordnung wirklich 
die Maximalzahl ("*"-) besitzt, von derselben Art. 

Bildet man sich in Analogie zu (18) aus den n” Functionen X!:: die 
(") Functionen : 


wobei r =n ist, so stellen die linear unabhingigen unter den (") Functionen 
ein Fundamentalsystem von Integralen einer linearen homogenen Differential- 
gleichung mit rationalen Coefficienten der Ordnung =(") dar. Diese Dif- 
Serentialgleichung sei mit C---*(D) = 0 bezeichnet. 

Die Differentialgleichung C,“-* (D)=0 ist fiir den speciellen Fall 
A, = 0,A,=1, ---,A, =r —1 in der Litteratur wohl bekannt. Die Differen- 
tialgleichung C%'*--»"-! (D)=90 wird von Herrn Lupw. ScHLESINGER im 
Anschluss an Herrn Forsytu die x — rte associierte Differentialgleichung von 
D = 0 genannt. 

Jede der unendlich vielen linearen homogenen Differentialgleichungen 
( = 0, die man zu der Differentialgleichung D = 9 bilden kann, 
ist mit jeder Differentialgleichung C*--(D)=0, deren Ordnung die 
Maximalzahl (") besitzt, von derselben Art. * 

Die lineare homogene Differentialgleichung 1*::-*(D) = 0 ist stets redu- 
cibel ; sie wird durch simtliche Integrale sowohl von als 
auch von C*::--*(D) = 0, wenn diese letztere Differentialgleichung existirt, 
befriedigt. 

Ist X irgend eine ganze positive Zahl, so sind die linear unabhingigen unter 
den ("*”~!) Funetionen : 

d@ dt" de’ 


* Den obigen Satz in dem speciellen Falle, dass 7,,7,,...,7,-aus den Zahlen 0.1, 2,...,n—1 
entnommen werden, behandelt Herr LUDwW. SCHLESINGER in seinem Handbuch der Theorie der 
linearen Differentialgleichungen, II,, S. 127, auf andere Art. 
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die man erhiilt, wenn i,, i,,---, 4, jede der Zahlen 1, 2, ---, » bedeuten, auch 
ein Fundamentalsystem von Integralen einer linearen homogenen Differential- 
gleichung mit rationalen Coefficienten der Ordnung = ("**-'). 

Diese Differentialgleichung sei mit P-:-* (D) = 0 bezeichnet. 

Jede der linearen homogenen Differentialgleichungen (D), wobei 
Ais A, verschiedene ganze positive Zahlen sind, und jede der linearen 
homogenen Differentialgleichungen = 9 ist sowohl mit jeder der 
Differentialgleichungen (D) = 0 als auch mit jeder der Differential- 
gleichungen = 0, welche die Maximalordnung thatsichlich 
erreichen, von derselben Art. 

Besonders die Differentialgleichung welche ent- 
spricht, und Integralen hat, ist vielfach in 


2 4 2 
der Litteratur * behandelt. + 
FREIBURG I. B., Juni 1903. 


*Vgl. Lupw. SCHLESINGER’s, Handbuch, II,, S. 201; doch ist dort bloss der Nachweis 
gefiihrt, dass, wenn zwischen 2,, 7,,..., 2» keine homogene ganze algebraische Beziehung rten 
Grades mit constanten Coeflicienten besteht, D ) = 0 eine lineare homogene Differential- 
gleichung der Ordnung ("*/—') ist. Ich darf noch bemerken, dass fiir den einfachsten Fall 
r = 2 ich die obigen Resultate des $3 bereits in einer Comptes Rendus Note der Pariser 
Academie vom 30. December 1901 zur Sprache gebracht habe. 

+ NACHBEMERKUNG (November 1903): Dasin dem Bulletin of the American Mathe- 
matical Society, vol. 10 (1903), S. 65 erstattete Referat tiber die vorliegende Arbeit enthalt 
die Worte : ‘‘ Professor Loewy shows that the group I!,G is always reducible, P,G and C, G being 
two of its irreducible constituents.’’ Hierdurch werde ich zu folgender Bemerkung veranlasst : 
Ich habe in der vorstehend erschienenen Arbeit nur gezeigt, dass PG und C,G Bestandteile oder 
Teilgruppen von I1,G, nicht aber irreducible Bestandteile oder irreducible Teilgruppen von I1,G im 
Sinne meiner im vierten Bande dieser Transactions erschienenen Arbeit, S. 46 sind. Es ist 
also im fraglichen Referate das Wort ‘‘ irreducible’’ zu streichen. Mehr aber, als dass P,G und 
C,G Bestandteile von II,G@ sind, kann man auch nicht beweisen. Es gilt vielmehr folgender 
Satz, dessen Beweis unschwer erbracht werden kann: Ist G eine reducible Gruppe, so sind alle 
Gruppen P,G und alle Gruppen C,G die letzteren fiir r <n, wenn G eine Gruppe in n Variablen ist, 


~ 


reducibel. 


ON THE GROUP OF SIGN (0, 3; 2, 4, x) AND THE 
FUNCTIONS BELONGING TO IT* 


BY 
JOHN WESLEY YOUNG 


Introduction. 


The group (I) which is the object of the present investigation has already 
been briefly discussed by Hurwirz.+ His paper deals chiefly with the groups 
of signs (0,3; 2,4, 2) and (0,3; 2,6,0).¢ He proves them “ commen- 
surable”’ with the modular-group (0,3; 2,3, 0%) and hence derives certain 
algebraic relations between the simplest functions belonging to his groups on 
the one hand and the invariant J of the modular group on the other. He also 
obtains the arithmetic character of the substitutions of his groups. The group 
I’ is also mentioned briefly in Frickr-KLEtn’s treatise,$ where it appears as 
the “ reproducing group” of a certain ternary quadratic form. 

In Part I, we derive [ as the monodromy group of the Riemann surface 22 
(p = 2) defined by the equation 


y' — (x —K, P(e (x K,)(2 


i. e., as the group on the parameter z involved in the periods of two independent 
normal integrals of the first kind on /?, generated by the movement of the 


branch-points about any closed paths. 


Part II contains a rather detailed discussion of I by the methods applied to the 


* Presented to the Society September 2, 1902, and December 29, 1902. Received for publica- 
tion November 27, 1903. 

t Uber eine Reihe neuer Functionen, etc., Mathematische Annalen, vol. 20 (1882), pp. 
125-134. 

t+ The latter has been discussed by HUTCHINSON (cf. reference below). For notation cf. 
FRICKE-KLEIN, Automorphe Functionen, vol. 1, p. 383. 

2 Automorphe Functionen, vol. 1, p. 548. 

|| This and another surface [ y3 = ( k, ) k, ) (a — ky )? (x — ky)? havealready received 
notice by BURKHARDT, Uber die Darstellung einiger Fiille der automorphen Primformen durch spe- 
cielle Thetareihen, Mathematische Annalen, vol. 42 (1893), pp. 184-214. The monodromy 
group of the latter surface and the corresponding automorphic functions have been discussed by 
HUTCHINSON, On a class of automorphic functions, Transactions of the American Mathe- 
matical Society, vol. 3 (1902), pp. 1-11. 

$1 
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modular group in Fricke-KLEtn’s treatise.* In view of the commensurability 
of the two groups and the similarity of their generating substitutions, we are 
not surprised to find many properties common to T and the modular group. 
The most noteworthy difference is perhaps the fact that, whereas the latter con- 
tains only a finite number (six) of invariant subgroups of genus zero, ’ contains 
a simply infinite system of such subgroups of index 27; the corresponding quo- 
tient-groups with regard to IT are the dihedral groups of order 2n. A set of 
generators is obtained for each and the fundamental regions are constructed. 
It has not been possible as yet to determine the arithmetic character of the 
substitutions of these subgroups; but a convenient criterion is found which 
completely characterizes the substitutions of each (§ 3). The finite group 
obtained by reducing the coefficients of all the substitutions of modulo n, is 
briefly discussed when n is an odd prime q ; two cases present themselves accord- 
ing as 2 is a quadratic residue, or non-residue of q¢ (§ 4). 

Part III treats of the functions of z belonging to the group [. Rutrer’s 
automorphic forms when regarded as functions of the ratio of the homogeneous 
variables give rise to the @-functions, which are a simple generalization of Poin- 
CARE’s theta-fuchsian functions ($1). With the aid of the hyperelliptic (p = 2) 
theta-constants it is possible to construct three functions 6, 6, y, by means of 
which every @-function of I can be rationally expressed ($5). Certain theo- 
rems concerning the expression of any theta-fuchsian function of degree greater 
than four as a product of functions of smaller degrees are deduced ($2). A 
principal automorphic function of [I is constructed ($4) and shown to bea 
simple function of the cross-ratio of the branch-points of the surface R. The 
paper closes ($6) with the derivation of certain infinite series. Exponential 
series are derived for 0, , y, and series similar to the Poincaré series, but 
more convenient, for and dy. 


Part I. 
The monodromies of the Riemann Surface R defined by the equation 
1. The surface 7? is of genus p= 2. Two independent integrals of the first 
kind on # are 


1) f dx f dx 
( y y 


where y’ is obtained from y by interchanging «, and «,. If we choose a sys- 
tem of cross-cuts a,, >, (i = 1, 2) as indicated in Fig. 1, and denote the moduli 
of periodicity as usual by A,,, B,,(i, k= 1, 2), the table of periods takes the 


following form 


* Elliptische Modulfunctionen, vol. 1, pp 163-491. 
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a a b b 
1 2 1 2 
> > 
A, iA, B,, A,, iB, 
v, A. iA. B., —A,,+ iB,, 


Ist Sheet 


2. If we calculate the periods of two normal integrals w,, «, of the first kind 
and if for B,,/A,, we write z//2 + (1+7)/2 (# = —1), we may, by making 
use of the bilinear relation 


A, B,, B,, A, + iA, A,, =0, 


put the table of periods for ~,, «, in the form 


a, a, b, b, 
0 Ti 
(2) ves 
Ti fs 
Uy 0 Ti V2 +3 


3. Any continuous deformation of 2 whereby the branch-points are caused 
to move in closed paths we call a monodromy of the branch-points.* Every 
monodromy of #2 can be generated by the repeated application of the following 


* Cf. BURKHARDT, Systematik der hyperelliptischen Functionen, Mathematische Annalen, 
vol. 35 (1890), p. 212, for nomenclature. 


7 
| 
| 
ty he 
| 
b, 
/ 
Fig. 1. 
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— 
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two: a) The interchange of «, and «,, and 6) The movement of «, about «,.* 
Denote the resulting substitutions on z by S and 77, respectively. They are 


—V2—-—1 


S(z)=z+V2, T(z)= t 


Introducing in the place of 7, the substitution 7 = S7,, we have as generators 


of the group 


Part II. 
The group of sign (0,3; 2,4, 0). 

The group T° generated by the two substitutions S and 7’ of the last para- 
graph, will now be discussed in some detail. The treatment will follow closely 
that of the modular group in Fricke-KLE1n’s Theorie der Elliptischen Modul- 
Sunctionen, vol. I, to which reference will be made by the letter M. 


$1. The arithmetic character of the substitutions in 1. — Fundamental region. 


1. The group T consists of the totality of substitutions, V, of the two types 
BY2 aV2 


V'= and V" = 
yv2 86 y 
of determinant unity, in which a, B, y, 8 and a’, 8’, y', & are integers. 1 
That every substitution of I’ is of one of the above types is easily seen. That 
every substitution V is in [is shown by proving that any V may be reduced 
to the identical substitution by successive multiplication by 7’ and suitable 
powers of S. The reduction requires an even or an odd number of multiplica- 
tions by 7’ according as V belongs to the type V’ or V”; we call the substitu- 
tions of these types even and odd respectively. 
2. The following kinds of substitutions oceur in [’. 
a) The even substitutions : 
i) elliptic, of period 2, when a+ 6=0, 
ii) parabolic, when 2 + 6= 2, 


iii) hyperbolic, when a + 6> 2. 
b) The odd substitutions : 
i) elliptic, of period 2, when a’ + 6’ =0, 
* Two monodromies are not regarded as distinct if they produce the same change in z. | 


+ For a more detailed account of an analogous problem, see HUTCHINSON, On a class, etc., 
Transactions, vol. 3 (1902), p. 3. 


— 


1 
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ii) elliptic, of period 4, when a’ +6 =1, 
iii) hyperbolic, when a’ + 6’ >1. 

3. A fundamental region for T in the z = z’ + iz” plane is the infinite strip 
included between the two straight lines z’ = + 4 1/2 and exterior to the circle 
with unit radius about the origin. The points z=i,z=p=(—1+/7)/2, and 
z = 7 oo are fixed points of the substitutions 7’, 7 = S~'7’, and S, of which the 
first two are subject to the relations 77= 1, U*=1. (See the region marked 
1 in Fig. 2.) 


$2. Sets of conjugate substitutions in T. 


4. Elliptic substitutions of period 4 in T are of two classes, according as 
the revolution about one of their fixed points due to a single application of the 
substitution is 7/2 or 37/2. As in M. p. 263, we show that a// substitutions 
of period 4 of the former class are conjugate with U ; all of the latter with 
U* ; and no substitution of the former is conjugate with any substitution of 
the latter. 

Further, all even substitutions of period 2 are conjugate with U* and all 
odd substitutions of period 2 with T. 

5. Any parabolic substitution 


a Bv2 
S == 
yV2 
may be written in the form 
, 
1 hed 5 1 2 
1—ked 
where c, d are prime to each other and such that (2 —1)/y= —d/c, and 


where / is an integer. Either / or d is even. We define the amplitude of S’ 
as follows : 

If d is even, the amplitude is /; if d is odd, the amplitude is 3/. 

With this definition we may show that two parabolic substitutions of T are 
conjugate if, and only if, they have the same amplitude (M. pp. 264, 265). 

For, if d is even, we may determine two numbers a, 6 such that ad — be =1, 
and if we place 


ay 2 b 
d 
we have 
WS W= 
1 


hz: 
iz 
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If d is odd we may determine two numbers a’, b’ such that a’d — 2b’c=1, 
and if we write 


a 
W > 
cV2 d 
we have 
k 
1 V2 
W'S W' = 20 = 8%, 

| 0 1 


6. No use will be made in the following of the conditions for the conjugacy 
of two hyperbolic substitutions. Their derivation, involving a discussion of a 
certain class of binary quadratic forms, may therefore be omitted. 


§ 3. The invariant subgroups of T. 


7. In discussing the subgroups of I we confine ourselves to those which are 
invariant (self-conjugate) and assume familiarity with the general methods 
employed in M. pp. 305 ff. An invariant subgroup of I of index wu and genus 
p we denote by I’, ,,; the fundamental region of the subgroup consisting of u 
fundamental triangles,—or the corresponding closed surface,—by F’, ,. The 
outer edges of the triangles correspond in pairs and the substitutions of which 
transform two corresponding edges one into the other, form a set of generators 

The genus of an invariant subgroup I,, ,, is given by the equation (M. p. 341): 


hn 


where 2n;, 2n,, 2n, are respectively the numbers of elementary triangles sur- 
rounding the points i, p =(—1+i)/V2,ic, or their equivalents on F’, ,. 
Clearly, n; is either 1 or 2, and n, either 1, 2, or 4; the symbol {n,, n,, , } 
we call the characteristic of the subgroup. 


A consideration of the above equation gives the following possible solutions : 


i) characteristic: {1,1,1}, 
p= 2, {2,1, 2}, 
=2, “ {1, 2,2}, 
1,4, 4}, 
w= 2n, ‘2,2,n} (n=1,2,3,---, @), 
w= 8, {2,4, 2}, 
p= 24, {2,4,3}, 
if 


= 
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ii) p= 1, » is indeterminate, characteristic {2, 4,4}, 
iii) p> 1, is determinate, “6 {2,4,n}. 


The first solution leads to T itself. For the next three it is easy to construct 
fundamental regions to show that corresponding subgroups exist. In all the 
other solutions the characteristic is either of the form {2,2,”! or {2,4, 7}! 
(n a positive integer), and for the former the genus of the corresponding sub- 
group, if it exists, is necessarily p = 0, and the index » = 2n. 

8. We denote by “the division (2, 2, »)” the division of the entire plane 
into congruent triangles whose angles are 7/2, 7/2, 7/n; this is the familiar 
dihedral division. Now, as in M. p. 356, we may establish a correspondence 
between the division (2, 2, ~) and the division of the plane defined by T. 
Moreover this correspondence will define an invariant subgroup of [ for every 
positive integral value of n (M. pp. 344-352). Hence 

Every division (2,2,n) defines an invariant subgroup T,,, of T, of index 
2n and genus zero. The corresponding quotient-group T/T... = G., is holo- 


morphic * with the dihedral group of order 2n. 
This establishes the existence in T° of an infinite series of invariant sub- 
groups of genus zero, a result in marked contrast to the modular group. 


Fia. 2. 


9. The accompanying figure (Fig. 2) gives a fundamental region for I,,,, 
which is easily obtained from the correspondence above noted. The correspon- 
dence of the edges shows that of the n + 1 generators thus defined, n — 1 are 


* ** Holomorphic”’ is used for ‘‘ holoedrically isomorphic.’’ 


| = 
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elliptic of period two and one is parabolic of amplitude x. In fact, the genera- 


tors are at once seen to be: 
(ST), (STFS, ---, 8*, 8°: ( 


The last of these may evidently be replaced by (S~'7’)’ = U*, so that T.,, , 
is generated by n even substitutions of period two and one parabolic substitu- 
tion of amplitude n. Since T,, , is invariant, it follows by Arts. 4, 5 that 
lr, » contains all the even substitutions of period two and all the parabolic 
substitutions of amplitude n. 

This follows also from a consideration of the correspondence established 
between the division (2, 2,2) and the [-division ; in fact it follows without 
any reference to the correspondence of sides of F’,, ,, that T,,, , is generated by 
the totality of substitutions conjugate with U* and S". 

10. That all substitutions of T,,, , 
tion of the arithmetic character of the substitutions of IT, 


=n, 0 


, are even, is evident. But the determina- 
offers as yet in- 
surmountable difficulties of a number-theoretic character. It is however possible 
to give a simple criterion by which to determine whether or not a substitution 

Elementary group-theoretic considerations show that in the isomorphism of T 
with G,,, the even substitutions of T correspond to the cyclic subgroup H, 
of G,,, of order n; while the odd substitutions of T correspond to the remain- 
ing operations of G,,.* Now any even substitution of T° is of the form 

V’ = §%-TS%T. ..-, 

Since S corresponds to an operation s of period x in (,,, V’ will correspond to 
gu~ezras—as <-> which is identity only if the exponent is divisible by x. Hence 


V’ is a substitution of T.,, . if, and only if, 


,v 
— a — 0 (mod.n). 
Any substitution V’ can be written as a continued fraction : 
1 1 1 
(z)=a,V2 


where 7 is odd. If the sum of the successive quotients ~, 1 2 taken alternately 
with a positive and negative sign is a multiple of x 1/2, then and only then will 
V’ belong to ,. 

11. Similarly the division (2, 4, ”) defines an invariant subgroup I’;,, , whose 
index {n} is infinite when x > 3; for the smaller values of x, we have {2} = 8 


and ‘3! = 24. The subgroup is generated by the totality of parabolic 
substitutions of amplitude n (M. p. 357-3859); these have the form: 


The latter are all of period two. 


| 
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1 + ned tnd? V2 
S'= [d even, 


14+ 2ncd nd’ 
S* = [d odd, 


1—2ned 


where c, d take all integral values prime to each other. 

That these subgroups I’;,. play the same important rdle in a systematie dis- 
cussion of the subgroups of I as do the corresponding subgroups in the modular 
group (M. p. 360 ff.), need hardly be mentioned. As in the latter group, so 
here the discussion of all the subgroups of a given “class”’’ » reduces itself to 
the investigation of the quotient-group ['/T.,,, = G;,,.. This group G,,. is itself 
of infinite order, if x > 3, but, since [’;,, is an invariant subgroup of [I,,, ,, it 
follows that G,,, is isomorphic with the dihedral group G,,. This gives an in- 
sight into the structure of the groups G;,,, which might be of value in a further 
investigation. 

12. The subgroup T.,,. contains no elliptic substitutions ; for if it did it 
would be identical.* 
Also the invariant subgroup T,, , of T, generated by all the conjugates of U*, 
contains no parabolic substitutions ; for if it contained one of amplitude x it 
would contain all, so that the conjugates of U* would generate I,,, ,; this is 
not possible. Now I’, , and I’;,: must have substitutions in common ; for other- 


would contain all conjugate to (7*, and then T,,, and T, 


wise every substitution of one would be commutative with every substitution of 
the other, which is easily shown not to be the case. These common substitu- 
tions form an invariant subgroup of YT, all of whose substitutions (except 
identity) are hyperbolic. 


$4. The congruence-groups of T and the corresponding finite groups. 


13. Any subgroup of I’, the arithmetic character of which may be completely 
defined by congruences, we calla congruence-group of [. All the substitutions 
of I’ which are congruent to |} |) (mod. 7), form an invariant subgroup I, of 
I’, which we call the principal congruence-group (mod. ). The index u(n) 
of I’, is finite and is easily caleulated (M. p. 395). 

An even substitution can not be equivalent to an odd substitution; but it 
must now be noted that even and odd substitutions may give rise to the same 


* The case n = 1 appears to offer an exception, since the product of the two parabolic substitu- 
tions S and 7ST gives an elliptic substitution. But I;,,: does not exist (the characteristic 
(2, 4,1) is impossible) and the totality of parabolic substitutions of amplitude one does gener- 
ate Tz, o of characteristic (2, 2,1). 
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reduced (mod. n) substitution, for certain values of n. In fact the supposi- 
tion that 


a Bv2 
yv2 
and 
9 
a’'V2 B 
y 8v2 


give rise to the same reduced substitution leads at once to the relations 
azaoay?2, BV2=c8', (mod. n), 


where the factor of proportionality o is of the form £ y 2 (& an integer). The 
relation o? = 1 (mod. n), leads to the congruence 


26 = 1 (mod. n) 


and if this is possible, then to every reduced substitution correspond both even 
and odd substitutions of '. Hence, if the congruence 2F = 1 (mod. n) is pos- 
sible, 
impossible, T 


contains both even and odd substitutions ; if this congruence is 
contains only even substitutions. 
is obtained by reducing all the 


14. The quotient-group 
substitutions of I (mod. x). In case x is an odd prime gq, G’,,,,) 
mined. If we transform the subgroup T°, , consisting of all the even substitutions 
of I’ by the substitution z° =z) 2, we obtain the totality of substitutions 
& §\3 i. e, a subgroup of the modular group. If these substitutions be 
reduced (mod. ¢), we obtain the whole reduced modular group G.,,._;,, whose 
properties are well known (M. pp. 419-490). Now, since the congruence 
2& = 1 (mod. ¢) is possible only when q is of the form 8A + 1, we have: 

If q is a prime of the form 8h+1, G 
if qis of the form 8h+3,G 


is easily deter- 


iq) holomorphic with the modular 


G uiq) Of order —1) and contains 


a subgroup of index 2 holomorphic with the modular Gyjj424)- 


Part III. 
The functions associated with T. 
§ 1—The O-functions. 


Let @(z) be a uniform function satisfying the relation 


(1) O(z,) = u,(¢,7 + d,)’O(z), 
* A similar result has been obtained by FricKE, for a whole series of groups, of which, how- 
ever, our I is not a member.—Mathematische Annalen, vol. 39 (1891), p. 85. 
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where z, = (a,z + b,)/(¢,z + d,) is a substitution with determinant unity, », a 
constant, and d an integer. In case of an elliptic substitution, », must be of 
the form 


according as d is even or odd,* where /, is the period of the substitution in 
question. Let the substitution be 


t_=e't, 


k 
where ¢ = (z — 2")/(z— 2”) and t, =(z,—2")/(z,—2”). 
i) If d is even, (1) may be written 


i(2y,—d) 
(2) =e O(z)(2—2”)%, 
and if we put 
O(z)(z — 2° = 
by substituting the value of ¢, in terms of ¢, we obtain from (2) A, = 0, except 
when p = v,— 4d (mod. /,). Hence, @(z) vanishes at z= except when 
v, — = 0(mod. 1,). 

ii) Similarly if d is odd, we find A, = 0, except when p = v, —}(d—1) 
(mod. /,), and hence @(z) vanishes at z = 2”, except when v, —3(d—1) =0 
(mod. 7, 

Applying these results to our group I’, we seek first the difference between 
the number r of zeros and the number q of peles which lie inside the funda- 
mental region F’ of [. We have 


2rri(r — q)= dlog @(z), 


the integral being taken over the entire boundary of /’, the vertices z =p, 
p,(=(1+%)/V2), i, ico being excluded by small circular ares. In evaluat- 
ing this integral we make use of the relations 


, 6 where d is =) 
* 


ris 6, &, 
O(2+ O(z) 3 


@® 
| 

fas) 
to| 
& 
x 
|| 
mo 


where d is 
disodd /’ 


and of the expansions 


* FRICKE-KLEIN, Automorphe Functionen, vol. 2, p. 85. 
+ For special case of the above ( ». = 0), cf. PoINcARE, Acta Mathematica, vol. 1 (1882), 
pp. 218, 219. 


2riv, ni 

4 

5 
4 
5 
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2—p 
O(z)= ( P,( P where P, does not vanish when z = p, 
z—p z—p 
z—i 
z+ 


Here p, and p; are integers satisfying the congruences 
p,=t—43(s+d) (mod. 4), 
Pp, =43(t—d) (mod. 2); 


these relations are readily obtained from those on the preceding page, by observ- 
ing that for p, we have, 


v,=t— 3s or vy. =t—3(s+1), 


according as d is even or odd, since the substitution in question is S~' 7; and 
for p, we have 
v, or v.=3(t—1), 


according as d is even or odd. 

With these specifications the above integral may be evaluated without diffi- 
culty. We obtain, then: 

The difference between the number of zeros and the number of poles of a 
@-function belonging to 1, which lie inside the region F’, is given by 


r—q= b(d —2p,—4p,— 3s). 


$2. The theta-fuchsian functions of Poincaré. 

PorncarF’s theta-fuchsian functions* are the ©-functions above defined for 
the particular values s=t=0. In this case d is necessarily 
even, equal to 2m say; m is called the degrée of the function. The zeros com- 
mon to all theta-fuchsian functions of a given degree, are the fixed zeros; the 
others, the movable zeros. 

Let ®” denote a theta-fuchsian function of degree m, which does not become 
infinite anywhere in the region /’; such a function we call an integral theta- 
fuchsian function. Now ©” vanishes at z = p of order p, at least, where p, is 


the smallest integer satisfying the congruence p, + m = 0 (mod.4); and atz =i 
of order p; at least, where p, is the smallest integer satisfying p;+m=0 
(mod.2). All other zeros are movable. If ©” vanishes at z =p or z =i of 


*Acta Mathematica, vol. 1 (1882), p. 210. 


_ 
— 
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an order higher than p, or p) respectively, we shall say that one or more movable 
zeros have merged into the point in question. With these conventions the num- 


ber of movable zeros of ©” is given by 
) 
== m— — 


or if we place m = 4h + kh’, then 


r=k 8), 

r=k—1 (k’=1). 

Hence a ©") does not exist; a ©” has a single zero, of order 2, atz=p; a 
©* has a zero of order 1 at z = p and one of order 1 at z = i and nowhere else. 


If we regard functions which differ only by a constant factor as not distinct, it fol- 
lows that tro integral theta-fuchsian functions of the same degree and with the 
same zeros ave identical. For the quotient of two such functions, being an 
automorphic function with no zeros or infinities in 7’, is constant. In _par- 
ticular, there can exist only one ©” and one ©”. 

A ©* has a zero of order 1 at some point in /’. If ©," and ©," are two 
functions which do not have the same zero, and if «, and a, are respectively 


their values at an arbitrary point z = a in J’, then 
= a,O — a0; 


is a © which vanishes at z=. Hence, since two distinct 0s exist (cf. 
below), a O exists with any assigned zero,and any ©” is linearly expressible 
in terms of two of them. 

Further 6° is the only Now let be a with zeros 
a(i=1,2,---, k) and let ©,° be the 0 which vanishes at a;. Then 

is automorphic; and, since it has no zeros or infinities in /’, it is a constant. 
Hence: 

Every integral theta-fuchsian function of degree 4k is expressible in one way 
as the product of k functions of degree 4. 

Similarly, every integral theta-fuchsian function of degree 4k4a(a=2, 3) 
is the product of O® and k functions of degree 4; and every function of 
degree 4k + 1 is the product of O°O” and k —1 functions of degree 4. 


$3. Transformation of the theta constants. 


In order actually to construct functions of the kind we have been considering, 
we make use of the hyperelliptic (j = 2) theta-constants,* whose moduli are 


* i. e., theta-functions with zero arguments considered as functions of the parameter z enter- 


ing the moduli. 


! 

| 
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given by the table (2) in Part I. These are uniform functions of z = 2’ + iz’, 
defined for all points such that z’>0. Our object is to determine the effect 
on these theta-constants when z is transformed according to the substitutions of 
T. In Krazer and Prym’s* notation, let a, be the old moduli and b., the 


new. Then for the substitution S, we have 


We must determine integers «,,, 8;,, satisfying the relations 


Dv. [ + ] = Ti Us +> 8,4 a, ] (x, #,v=1, 2), 
K a a 
and certain bilinear relations.+ By substituting the values of a, and 8, and 


equating like powers of z, we easily find the most general values for ,, 8.,, 
jk jk 
Y,° 5,,- A particular set of values is the following : 
By, = = % = Ne = Yn = 4; = 6, =0. 


If, then, we denote by #[{: {:](z) a theta-function with characteristic g,, h,, 
arguments zero and moduli a,,, this set of values gives the following formula : 


9, +h, —3 9, +h, —} 
Similarly, we obtain for the substitution 7’, if we place 


1 
dy (J —;): 


the transformation represented by 


== By, =P, = By, = 7, = 8, =1, {= 2 = = In = 4, =-1; 


and hence the corresponding formula 


* Neue Grundlagen, ete. 
t KRAZER und PryM, loc. cit., p. 121: 7, or 7, 


2=ti( 
wl 
= ay, = = — mi 
2 a 
== 
= 8, =8 =0 
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h ( 1 ) (91 —92)-+ hy + hot + 92-2 2), 
hy he 2 h, h, 


where 
g,=—h,—A,, 
h,=9,+h,—}, 


Further by considering the transformation for which we have b= a,,, we 
obtain identical relations among the theta constants. The most general trans- 
formation of this kind is given by the following : 


i) = a, == = = mM, = = =n, 7, =5,= — 2, 
Ne = Yn = 9 


where m, » are integers satisfying the relation m*+n?=1. By considering 
all possible cases of these transformations and confining our attention to half- 
integer characteristics, we obtain a series of identities, which are all deducible 
from the two following : 


of % 92 % 


These relations reduce the ten theta-constants with half-integer characteristics 
to five, which we designate as follows : * 


6,= ](2), 6, = = 
6, = |(z), 6, = 1(2) =— ](z). 


From the general relations among the theta constants we obtain a set of iden- 
tities, which may all be deduced from three, viz. : 


(3) 


(gi, hi half-integers) . 


From the formule obtained above we may exhibit the effects of the substitu- 
tions S, 7 on 0, 9, in the following table: 


* The denominators in the characteristics have been omitted. 


= = Yn = 93 
| 
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S @, id, 


We note at once that 0° 6? is a theta-fuchsian function of degree 2, which 
accordingly vanishes at z =p and at no other point of /’.* It is the 0” of 
the preceding article. Also @ is a 0 which vanishes atz=i2. We have 


thus in @/@! and @°, two linearly independent 0'"s. 


$4.— A principal automorphic function of T. 


The funetion 
98} 
> = 


is an automorphic function which has a single zero and a single infinity in /’; it 
is, therefore, a principal function. 
Every automorphic function of T is rationally expressible in terms of [.+ 


The Rosenhain moduli are ¢ 


Hence from (3) we have 
1 1 
2. @,3 
(4) = yal. 


We express the Rosenhain moduli in terms of the branch points «,, «,, «,, «, of 
R (Part I) by transforming the integrals (1) into the Rosenhain normal form 
by means of a birational transformation. The following will serve: 


We readily obtain 


bo 

| 

Q, 


If we place 
(x 
* In fact, 4, vanishes at z = and 9, at z—p e774, 
t FRICKE-KLEIN, loc. cit., vol. 2, pp. 19, 20. 
t KRAUSE, Transformation Hyperelliptischer Functionen, p. 36. 


~ Na—«, (2#—«, 
| 
Ns 
4 


1904] AND THE FUNCTIONS BELONGING TO IT a4 


we have 


= 


2 2 “(dé 
J n 
Calculating » in terms of &, we have 
(x,—«,)y? = («,—«,)F — (x, —«,)]. 
The branch-points of n(£&) are given by the roots of » = 0; if we place 


M and Name,” N, 
they are 
—&=0, = M, = N, = 0, MM, = —.V. 
Then, we have, 


N—M 

N 


These satisfy the relations (4). 


Now, we have 
v) 
(1 — 2x2)? 


N 


M \* 
(4 ) = K,K,) =o (say). 


and 


Hence we obtain, 
4o 


and therefore : 
Every automorphic function of T is rationally expressible in terms of the 


cross-ratio o of the branch-points K,, K,, and every rational function of 
o + is automorphic. 
$5. The O-functions of T. 
We denote the function 0,0, by ¢, and define a new function y by the 


relation 


Trans. Am. Math. Soc. 7 


. 
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‘ 
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The function y has a single simple zero at z =i. In w, ¢, 0, then, we have 
three functions which vanish at i, p,i2 respectively, and which have no other 
zeros in J’, If z be transformed according to any substitution in I’, they remain 
unchanged except for certain factors ; the latter are given in the following table : 


If the arbitrary constant multiplier be so chosen that y(i)=1, then y 
is given by the following equation : 


v= + 6). 


Moreover from the relations (3) follows at once the identity 
¢'— =0.* 

By means of ¢ and wy all theta-fuchsian functions of [ may be rationally 
expressed since ¢° is ©” and dy is ©”, and since ¢‘ and wy’ are two linearly 
independent @*”s. But further we may prove that 

Any @-function belonging to T of whatever dimension or multiplier-system 
is a rational function of 0,6, %. 

The proof is simple; the following is a typical part. Denote by 9, , a 
@-function whose multipliers are given by s, ¢ (cf. Part. III, $1). The case 

=2,t¢=0: Here belong @*¢ and @?y. Moreover, since here we have 
= —1—m (mod. 4) and p, = — m (mod. 2) (2m =d), every van- 
ishes either at z = p or z = 7; also it is 0? at z=icc. Hence either 0, ,/0’¢ 
or ware theta-fuchsian. The treatment of all other possible combinations 
s,tis similar. We find then: 

Every integral @-function belonging to T is of the form 0°48 
(2<8,8<2,7<2), the O's being integral theta-fuchsian functions of 
degree 4. 

The simplest @-functions for each multiplier-system are given by the following 
table : 


s=0 s=2 s=4 s=6 s=1 s=3 s=5 8 == 


t=0 68, ¢2, Bo, Ry “4 65 6, Hw 


i—2 A460, Aw 66 t=3 60, Ow 43 6, By 


By analogy with the functions @, ¢, it might be supposed that y could be 
represented as the product of four theta-constants (p= 2). It is perhaps of 


* cf. FRICKE-KLEIN, loc. cit., vol. 2, p. 75. 


oie 1 1 
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sufficient interest to show that this is impossible. In fact, if the characteristic 
of a constituent theta-constant be [jf {:], it follows (by considering the theta- 
series) from the fact that y does not vanish at z=is that y,, g, must be 
integers; and since 7’ must transform each constituent into one of the same 
kind (i. e., with g,, g, integers) it follows from the formula in Part III, § 3, that 
h,+h, and h,—h, must be integers. Hence, the constituent theta-constants 
in any such product would have to have half-integer characteristics. But these 
have already been fully discussed in regard to their behavior toward S and 7, 
and no combination of them into products will give y. 


§ 6. Infinite series for 0,6, 
1) Exponential series. 
The exponential series for [ | ](z) readily takes the form 


ov 


nt Q wt riz 


> > e 2 “av 3, 


The first factor after the signs of summation equals + 1 or — 1 according as 
n, —n, =! orn, —n, =} (mod. 4), The second factor is such that if (a, b) 
are any two values of (”,, ”,), then the pairs (a, + and (—a—1,+/)) give 
it the same values. By considering the numbers x, — », in these four cases, it 
follows that all terms due to an odd x, cancel in pairs. We may then write the 
series for @ as follows: 


—ni 


wiz x x o, wiz 
(2n,+1)2 —— +1)2+4n- 
e § =2>) +e wi4+4> +e ' 
ny=0 m=0 Ng=2, 4, 6,... 

where the upper sign is used whenever n, — n, = } (mod. 4), the lower whenever 

n,—n, =} (mod. 4). This gives 

= — Qeiv2 — 4esv2? —6esv2 —... 
To obtain a series for ¢ = 0,0,, we proceed as follows. The series for 
6, = (z) gives readily 


100 


x x wiz 
og _ = 0, when m, — m, is even 
v3 ’ 1 2 ) 
(5) 1 €m =1, when m,—™m, is odd /’ 
and since 0,(z) = 0,(z + 1 2), we have 
€, =0, wh is ev 

( ) =1, when n, — 2, is odd 


Multiplying (5) and (6), we have 


iz 


2 2 ‘ 2, 
4 o€m—€, Mi +R, = 
2 i 
= > i 


— 
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where m,, m,, ”,, ”, take independently all integral (and zero) values from 
—« to+o. Since every integer may be represented as the sum of four 
squares, this series may be written in the form 


A 

k=0 k 

where the latter summation extends over all the representations of / as the sum 

of four squares. 

Since $(z2 + V2)=¢(z) it follows that A, vanishes when & is odd; an 
even integer / can be represented as the sum of the squares of four integers 
1s Mz, 2,, 2, Only when m, — m, and n, — n, are either both even or both odd, 
so that in any case «, —e€ =0. Hence when k is even, A, is equal to the 
total number of representations of / as the sum of four squares, i. e., A, is 
equal to 24 times the sum of all odd divisors of &.* If k be written in the 
form 


m 


kh = 2% ps? 


the sum of all odd divisors is 


With this notation, we have then 

kriz 
$=1+4+ 24> s(kje"? (k=2, 4,6, +++, 00). 
k 
This gives 
2riz 6riz 


24e'? + Qde'? + 


A series for = 6? + (0? — may be obtained in a similar manner. 
We have 


2 
(m+m,+n 


wiz 
kriz 


=> B,e'?, 


suppose, where « ,¢€ have the same significance as before. Let ¢(/) be the 
number of representations of / as the sum of four squares. If & is odd, one 
of the numbers ¢, , €, is zero and the other unity ; hence we have 


B,=(1+i)t(k) (k odd ). 


If & is even we distinguish two cases : 


* EISENSTEIN, Crelle’s Journal, vol. 35 (1847), p. 133; BACHMAN, Zahlentheorie, vol. 4, 
part 1, p. 603. 
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1) if k = 0 (mod. 4), we havee =e =0, and 
B,=(14+ i)t(k) (k =0( mod. 4)). 


2) if k = 2 (mod. 4), of the numbers m,, m,, ”,, ”,, two are even and two 
are odd. Now it is easy to show that in this case one-third of the total number 
of representations of k give « +¢€ =0, and the remaining two-thirds give 
€¢ +¢, =2. For each of the former we obtain a coefficient 1 + 7; for each of 
the latter a coefficient —1—i. Hence we have here 


—3(1+i)t(k) (k =2 (mod. 4) ). 
In general then, we have 
B,=p4,(1 4+ i)t(*), 


where 
if is odd, 


=1 if kk =0(mod. 4), 


if k=2(mod. 4). 


Similar reasoning gives 
kriz 
—i# => Bie'*, 
where 


=»,(1 —i)t(k), 


v=—1 if kisodd, 


in which 


=+1 if k=0(mod. 4), 


=—} if k=2(mod. 4). 


Henee, finally, since (1 + 7)(1—i)= 2 we have 


kriz 


where 


k 
C, = v,_,t(s)t(k—s). 


Transformation by S shows that C,=0, when kis odd. Hence we need con- 
sider only even values of k. The above formula gives readily 


C,=1, C,=—80, C,=—400, C, = — 2240, .... 


2) Series similar to Poincaré’ s. 
The series, derived by Porncar&é * to represent his theta-fuchsian functions 


*Acta Mathematica, loc. cit. 


2 Ce", 
| 
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and subsequently generalized by Ritrer* to apply to any ©-function with 
whatever multiplier-system, are well known and may be used to represent the 0- 
functions of I, provided the dimension is not less than four. However, the 
possibility of their identical vanishing is troublesome. This difficulty may be 
avoided by forming—in a way to be immediately set forth—series similar to the 
Porncak&-RITTER series, but which contain only a portion of the terms of the 

latter. 

Let 
(j=0, 1, 2,---, x) 


represent the totality of substitutions of [T which transform the fundamental 
region F’into a region lying between the straight lines z’ = +1/y 2(z=2'+iz"), 
and let 
V224+8; 
according as the 7, is even or odd. Then, of the different denominators of all 
the substitutions of V each occurs once and but once as a denominator of an 
J,.. That every denominator occurs is seen from the fact that, if V, is any sub- 
stitution of [', S" V, is a substitution with the same denominator; and n may 
always be so chosen that S" V, is equal to an J,- To show that each denomina- 
tor occurs only once, observe that if two substitutions /, with the same denomi- 
nator existed they would both transform the point i into a point whose real 
part in absolute value is less than 1/y2. If one of these, say f,, be even, it 
transforms i into 
f.(4) = a,i+ BV 2 
2i+ 6, 
of which the real part is 
+ 9 1 
+ v2 

so that 

%,% + <3( 2%, + 


Since the determinant of every substitution is unity, any other substitution 
J, with the same denominator as /, will have 


B,=B,+ 


a, + 2y,¢, 
(¢ an integer ) 


such that 


ar. + =| 4,7, + 8,6, + + (2H 4+ ); 


* Die eindeutigen automorphen Formen, etc., Mathematische Annalen, vol. 41 (1892), p. 
1; cf. also FRICKE-KLEIN, loc. cit., vol. 2, pp. 137 ff. 
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this is impossible except when ¢ = 0, or when f= f,. Similar reasoning will 
apply to the case when 7, is odd and leads to the same result. 
We have then without difficulty: 


22+ 6,) 6,1 2) 


where y,, 6, and y;,, 6; run through all different pairs of values occurring in 
the denominators of the substitutions of [. Moreover by comparison with the 


well-known series * 


> (m, n integers ), 


( 722 2) 


we see that the series (T) converges uniformly and unconditionally for all val- 


ues of z which are not purely real, provided only m>1. 


Now, the function 
df.(z)]" 
= | dz | 


is theta-fuchsian of degree m+ For if z,=V,(z) be any substitution of T, 
then we have 


J 


Now the series of denominators of 7,V, (j = 9,1, 2, ---) isthe same as the series 
of denominators of /;, (except possibly as regards the sign; and this difference 
is destroyed by the even exponent which affects all the denominators in the 
series). For, (1) all the denominators of the series Bf oceur in 7 V,, since if f, 
be any f,, S“ may be so chosen that S“f,V>'=/,,; and f,,V, has the same 
denominator asf; and (2) no denominator occurs more than once, since if 
JV, and f, V,, had the same denominator, multiplication by certain powers of S 
would have to reduce them both to the same S;3 this would lead at once toa 
relation S’/, =f, which is impossible. Hence we have 


J 


and, therefore, the O"'(z), defined above, has the property 


) (2,)= a: ) 


where z, = V,(z) is any substitution of T. 


EISENSTEIN, Crelle, vol. 35 (1847), p. 161. 
t The use of such a series is suggested in FRICKE-KLEIN, loc. cit., vol. 2, p. 156. 
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Moreover, the series (7) does not vanish identically, for it evidently does 
not vanish for z= iso. We have then, if we write 


8," (y2+8V 2)" 
Lin + Don = 
0° =$¥=F,, 


the following expansions: 


CORNELL UNIVERSITY, 
February, 1903. 
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ON THE DEFINITION 
OF REDUCIBLE HYPERCOMPLEX NUMBER SYSTEMS" 


BY 
SAUL EPSTEEN 


According to Perrce} and ScHEFFERSt a hypercomplex number system is 
said to be reducible when, by a suitable choice of units 


B= EE, 


the following conditions are fulfilled : § 


with the relations 


C E. forms a system by itself a e., 


C,) £, forms a system by itself, i. e., 


A) = 0 = 0) ; 
B) = 0 (ri =0). 


One of the chief results of this paper is that for systems E containing a 
modulus the conditions C,, C, are unnecessary, being consequences of the 
others. In other words, a hypercomplex number system containing a modulus 
is reducible if : 


A) ee, = 0 and B) e 


* Presented to the Society (Chicago) January 1, 1904. Received for publication November 
14, 1903. 

BenJ. American Journal of Mathematics, vol. 4 (1881), p. 100. 

{ ScHEFFERS, Mathematische Annalen, vol. 39 (1891), p. 317. 

2 In this paper the scheme of subscripts is the following : 
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1. Preliminary Remarks. 


It is assumed that the hypercomplex number system / = e¢, - -- e, is associative, 
that is, that 


Letting 


be two general numbers of the system, then we have 


The necessary and sufficient condition that the equation for Y, 
O= 
X being given), have a solution 1” + 0, in addition to Y = 0, is that 


A = = 0 (4, &==1,°**, 


In this case Y is said to be a left hand divisor of zero. Further A, + 0 is the 
necessary and sufficient condition that in Y' = XV the left hand quotient Y 
of any .Y’ by X be existent (in fact uniquely). 

Hence the fulfillment of the condition 


| += 0 (i,, i3=1, 
4 


implies that 

C,) not every X is a left hand divisor of zero. 

Similarly, the fulfilment of the condition 


implies that 

C.) not every J is a right hand divisor of zero. 

From C,, C,, C, it follows that 

C’.) the hypercomplex number system contains a modulus — that is to say, 
a number e = > €, exists such that for every 


and conversely, from C, follow C, and C.. 


We propose to investigate the system of seven conditions : 


C,C,C, C, C,, A, B, 
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and to prove that in this system the conditions Ci» C, ave redundant and the 


remaining five conditions are mutually independent. 


2. Redundancy of C, and C,. 


I. We regard as given the hypercomplex number system /’ = e,---¢,. The 
units are parted into two sets, / and £’, 


and the general number of /, namely, Y = x,e, + --- + ,¢,, may be consid- 


ered as the sum of two parts or components 


XaJ+K (J= K= Tne), 


In this notation the condition C, states that /,./,=/,,* viz., the product of 


l 2 : 
any two J numbers is a -J number. We proceed to prove that C, is a conse- 


quence of C_, A, B, 


Setting 
(1) J, S,=J,+ KB, 
we prove that 
(2) XK, =0 


for every X, and hence, as desired, that X, = 0, since by C, not every XY is a 
left hand divisor of 0. . We set 


(3) N=JS+K. 
Then (2) follows at once from the two relations 
(4) SKh,=0, KK, =0, 


of which the former holds by A, and the latter is evident from (1) by left hand 
multiplication by A’ and the use of C, and 2. 

Hence C, is a consequence of C,, C,, A, B. 

Similarly, C, is a consequence of C,, C,, A, B. For from C,, A, B it 
follows that A,X = 0 for every Y. 

By parity of reasoning, C’,, is a consequence of A, Band C, or 

ete. 

j j 

{ By working explicitly with the units the theorem first demonstrated was that C, is a conse- 
quence of C,, A, B,C,, C,. The suggestion of Professor E. H. MooRE to work immediately 
with the numbers and their components led me to the discovery that C, can be demonstrated with- 
out assuming C,. The method employed for proving the independence of C, and C, (§ 5) is also 
due to Professor MOORE. 


z 
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Hence, C, and C, are consequences of C,, A, B, C, or C_, and a fortiori 
of C,, A, B, C,,, that is, in an associative hypercomplex number system con- 
taining a modulus, C, and C, are consequences of A and B. 

We proceed to prove the mutual independence* of C,, C,, C., A, B. 


3. Independence of A and B. 


Consider the irreducible system + whose multiplication table is 


Here we have H = EE, =(e,e,)(e,). The condition C, is fulfilled, and, 
as contains a modulus, namely, = e, + ¢,, the conditions C’, and Care both 


fulfilled. 

Since e,e, = ¢,¢, = 0 the condition B (viz.: e, e, = 0) is also fulfilled. But 
e.e, does not vanish for every j and k, for example e,e,=e,(+9). Thus 
C_, C,, C., B are satisfied and A is contradicted. Hence A is independent of 


C,C,C.B. 


By interchanging j and i one sees that B is independent of C,, C,, C., A. 


4. Independence of C.,. 


Consider the set of units e,, ¢, whose multiplication table is 
l 2 


and do not vanish identically ; therefore the conditions C, and C, are fulfilled. 


Since e,e, = e,e, = 0 the conditions A and B are also fulfilled. But the con- 
dition C’, is contradicted, since 


* That C,, Ci, C- are independent was proved by Professor L. E. DicKson in these Trans- 
actions, vol. 4 (1903), pp. 21-24. 
SCHEFFERS, c., p. 343. 


/ 
j 
e 9 0 e, q 
EB: @ 9%. 
9 0 e, 
| 
| 0. 
e, e, 
The determinants A, and A’ are . 
0 0 y, 
A = 
x, y, 


1904] REDUCIBLE HYPERCOMPLEX NUMBER SYSTEMS 109 
Hence C’, is independent of C_, C,, A, B. 


5. Independence of C, and C.. 


I. Consider the two systems 


€, 
e,|9 e, 


It is easily verified that in each system C,, is fulfilled. Therefore the system 
E’=E£, 


&@ 


1 4 


0 ¢ 0 0 

0 0 «, 


also satisfies the condition C’,. The conditions A and B are satisfied in EZ’. 


For this system 


0x 0 0 y, 9 0 9 
0 0 0 0 0 0 

A= =0, = + 0; 
0 0 0 2, 00 y, 0 
00 0 @ 000 y, 


“4 


thus the condition C, is fulfilled and C, is not fulfilled. 

Therefore C, is independent of C,, C., A, B. 

II. By interchanging right and /eft we see at once that Cis independent of 
C., &, 


THE UNIVERSITY OF CHICAGO, 
November, 1903. 
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A SIMPLE PROOF OF A THEOREM IN THE 
CALCULUS OF VARIATIONS 


(EXTRACT FROM A LETTER TO MR. W. F. OSGOOD)* 
BY 
E. GOURSAT 


Introductory note.—The proof of the fundamental theorem of my paper 
entitled: On a fundamental property of a minimum in the calculus of vari- 
ations and the proof of a theorem of Weierstrass’s, Transactions, vol. 2 
(1901), p. 273, was simplified by Bouza, ibid., p. 422. In a letter bearing the 
date June 21, 1903, Professor GoursaT has communicated to me a new proof 
of this theorem, which for simplicity and directness leaves nothing to be desired. 
With his permission an extract from his letter, containing this proof, is here 
given. 

W. F. Oscoon. 


En lisant votre mémoire sur le caleul des variations, dans les Transactions 
of the American Mathematical Society (vol. 2, 1901), il m’a semblé 
que la démonstration du théoreme fondamental de la page 286 pouvait étre 
simplifiée comme il suit. 

La fonction /(2) étant continue dans lintervalle (a,b), ot a <b, et ad- 
mettant une dérivée (2) continue dans cet intervalle, il s’agit de trouver une 
limite inférieure de l’intégrale definie 


Je m’appuie pour cela sur la remarque élémentaire suivante. Soient 


deux suites de nombres, les /, ¢tant tous positifs. On a toujours 


at 


> 


h,+h,+ 
* Presented to the Society October 31, 1903. Received for publication September 23, 1903. 
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On le vérifie immédiatement si n = 2, et on ]’étend ensuite de proche en proche. 
Cela posé, decomposons I’intervalle (a, /) en intervalles partiels 


l 


et soit 


On a respectivement 
(a) 
J (#2) = h, 


— )= h ( )s 


On en tire 


h, h, h. 
et le second membre est d’aprés la remarque faite plus haut, 
~ 


L désignant, d’aprés votre notation, |f(7) —f(@)|. En faisant croitre » in- 


définiment, on a done 4 la limite 
(1) 
L’inégalité 


(2) 


sera assurée si l’on a 


_54(b-—ay 


Il en sera ainsi toutes les fois que Z est <3 V 2(b — a), puisque l’on a 


= 
H ou 
3 
~ 
r 2dx = 
54(6—ay ~l—a’ 
ou 
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54(b —a)? 


lorsque 


de quelque 


I] serait facile de généraliser le théoreme, si cela pouvait ¢tre 


utilité. 


/ / 
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